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1. Introduction

Terrestrial gamma ray flashes (TGFs) are bursts of high-energy pho-
tons with quantum energies of up to 40 MeV, lasting for tens to hundreds
of microseconds [1-6], which are produced as the Bremsstrahlung of
relativistic electrons [7,8]. However, when producing Bremsstrahlung
photons, it is more likely that only a small friction of the incident elec-
tron energy is transferred towards the emitted Bremsstrahlung photon
[8] such that a typical beam will also contain low-energy photons. Previ-
ous studies [9-11] indicate that a typical TGF energy distribution can be
approximated by ~ exp(~E, /E.)/ E, where E, is the photon energy and
E, the exponential fall-off energy extending photon energies from MeV
energies down to some tens of eV. Relativistic electrons and photons
travel through the atmosphere, they interact with the gas molecules of
our atmosphere up to satellite altitudes. As a supplement to flight [12]
and space measurements [13-17], a widely used approach to study these
energetic particle beams are numerical simulations, typically particle
simulations where electrons and photons are treated as superparticles
[18-20]. A main component of such simulation tools, are the cross sec-
tions of collision processes determining the probability of an electron or
a photon scattering off an air molecule. Cross section data are available
for the elastic scattering [21,22], Bremsstrahlung [7,8] and impact ion-
ization of relativistic electrons [23-25] as well as for photoionization,
Compton scattering, pair production and hadron production through
photons [7,8,26-28] producing new particle species such as positrons,
protons and neutrons in our atmosphere [20,29]. Since the accuracy
of cross section determines the quality of simulation results, there is a
constant need to check and improve cross section data; for example, in
recent work, Schmalzried and Luque [22] showed how small variations
in elastic scattering cross sections can significantly influence simulations
of run-away electron generation, and provided a new set of cross section
data for the High-Energy Atmospheric Electricity community. Energetic
electrons and photons might be capable of altering the chemical com-
position of the atmosphere [30,31], leading to a chemically more active
environment which might play a significant role in the production of
greenhouse gases or in the production of organic molecules, e.g. in the
atmosphere of Saturn’s moon Titan [32]. However, to study such phe-
nomena, additional processes are needed such as the excitation of air
molecules through relativistic electrons (or positrons) as well as pho-
toexcitation or photodissociation whose cross sections are not or only
hardly known. For example, cross sections for photodissociation are only
available for certain molecules and limited energy ranges [33].

Cross sections can be obtained through experiments, numerical mod-
elling or analytic calculations. Whilst there is only limited data available
through experiments and numerical modelling, analytic calculations are
typically tedious and complicated. Examples of such analytical calcula-
tions are shown by [7] and [8]. Aside from being complicated and time
consuming, such calculations face another issue: They often involve ap-
proximations, prohibiting exact results, see a discussion by [28]. Some
cross section databases [34] are more extensive, but they are still lim-
ited in the availability of certain cross sections. Cross sections used by
[35] and those from [36] are obtained by directly fitting experimental
data. This method is not necessarily limited algebraically. However, it
only works if the measurement is provided in good enough detail, as to
lower the uncertainty of the interpolation between the data points. It
can also be quite intensive to capture data this way for different gases
and energy ranges. In any case, obtaining cross sections through exper-
iments is an extensive undertaking as a new set of measurements needs
to be performed for each individual scattering process.

The issues above can be partially circumvented by automating the
calculation of cross sections with a numerical method. Numerical cal-
culations are typically faster than the theoretical calculation and they
are more easily accessible than the experimental approach. Many such
numerical schemes have been proposed over the years, as summarized
by [37]. Some focus on performing part of the cross section calculation.
They for example only perform the phase space integration, or take care
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of Feynman diagram generation like [38]. Others are more comprehen-
sive in that they can evaluate either a particular type of diagram, or even
different types to calculate the scattering matrix. Programs like Com-
pHep ([39]) or the FeynCalc implementation for Mathematica ([40])
even perform the entire calculation, starting from the QED Lagrangian
for particular scattering processes. The latter is very well known for
its symbolic computational power. Packages like FeynCalc are a useful
tool to get the cross section expressions, but are not necessarily meant
to calculate numerical data sets with. CompHep does provide actually
cross section data, but is limited to high energies only. Furthermore,
CompHep is a relatively old program, like many others mentioned by
Harlander and Steinhauser [37]. We therefore suggest a program more
suited directly for calculating the different cross section datasets for at-
mospheric processes.

That is why here we present a numerical tool of calculating cross
sections for Quantum Electrodynamics (QED) processes for leptons and
photons, such as photodissociation, allowing to make atmospheric elec-
tricity particle simulations far more realistic in the future. Like with the
analytical method, we start with Feynman diagrams to directly translate
the process into a mathematical expression. However, the presented pro-
gram does this translation in an automated fashion and calculates the
resultant differential and total cross section numerically for a wide en-
ergy range, covering low and high energies. The program presented here
is designed and tested on QED tree-diagrams, assuming two initial and
two final state particles, as relevant for most collision processes in the
atmosphere.

The notation throughout this paper is consistent with the one used
by Peskin and Schroeder [28]. The main points are:

o Natural units are used unless specified otherwise, i.e. A =c = 1.

The Einstein notation is used, unless specified otherwise.

Boldfaced quantities (e.g. p) denote a 3-vector. Matrices and 4-

vectors are denoted in italics.

o The Minkowski spacetime metric g, is used with (+ — ——) conven-
tion.

e The y-matrices y# are defined in Weyl/Chiral representation.

The slashed notation on vectors stands for p = y¥p,,.

In Section 2, we first show how to obtain cross sections in differ-
ent reference frames and how to translate Feynman diagrams in a dis-
cretized manner before presenting the code setup and structure. Bench-
marking is presented in Section 3 demonstrating the program’s function-
ality and reliability. In Section 4 we demonstrate a first application of
the code by calculating the cross sections for the photodissociation of
molecular nitrogen. In Section 5 we conclude on the code’s performance
and resulting cross sections and provide suggestions for future develop-
ment. Details on how to manipulate, execute and run the code are given
in the appendix.

2. Theory and numerical implementation

Before discussing the numerical implementation of the cross section
calculation in Section 2.3, let us review briefly in Sections 2.1 and 2.2
how differential and total cross sections are calculated.

2.1. Cross sections

The differential cross section (DCS) of two initial particles .4 and B
scattering with each other and producing n, final particles is calculated
by combining the initial state of A and B, the probability of these two
particles scattering into n, final particles, and the number densities of
the initial system. According to [28], this leads to the following expres-
sion for the differential element do:

3
1 2 py 1 4.4
do =o—r————— [M|" X —(27)*5 < + _z )
7 2EA2EB|UA—UB|| | 1;[(271')32Ef(7[) bPaTPp Py
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(€Y

Here vy 5 = is the relativistic velocity (without loss of gen-

3 0
Pup/Pas
erality oriented in z-direction), and E 4 5 = p° L are the total particle
energies. p, and E, are the momenta and the energies of the particles
in the final state, respectively. M is the process’ scattering matrix which
is defined as the product of all components in the process’ Feynman di-
agram [28,41], as we show more explicitly in paragraph 2.2.

To obtain the expression for the DCS, the multidimensional differen-
tials over the final particles’ momenta in Eq. (1) need to be re-expressed.

In the case of two final particles, the differentials can be evaluated
directly, depending on the frame of reference, leading to the following
in the center-of-mass frame (CM) [28]:

do 1 [Pl 2
=2 = M. 2
(dQ )CM 2E (25|04 — vy (27[)24(EA+E,3)| ! @

where E,  + Eyz is the CM energy of the initial particles, dQ =
d¢ sin(0)d@ is the solid angle element and |p, | is the 3-norm of the spatial
part of either one of the final state particles.

In the laboratory frame, we can reduce the momentum differentials
as follows:
?

@z )3

d3p 3 2
— =G )3(27:)6 E +Eg—+/mi+pl
—\/m§+|1>2|2>

where we used the spatial part of the delta function in the first
step and the mass-shell relation between particle momenta and energies
in the second. Note that the mass-shell relation still holds for photons
where the rest mass m becomes 0. Transforming the remaining differ-
ential element to spherical coordinates and using the properties of the
delta function with respect to d|p, | yields

dQ | o|lpil | Ipal dipsl

[Pyl .
eV | Ey T E, dp)]

Finally, we assume that B is stationary whilst .4 is moving, and define
6 = <(p4,p;) to be the angle between the initial and final state of par-
ticle A, thus

&p; dpy
@2n)* 2n)

— 220 6D (py +ps—p — ) = ——=Q1)S(E+ Ep — E; — Ey)

3

&p; dpy
Q2r)® 2n)

|P| | —Ipylcosé
E,

1
@)

(2”)45(4)(PA +ps—p1—P)=1IpP; |

Combining Egs. (4) and (1), we obtain the DCS in the laboratory refer-
ence frame:

[P | |p1| -
E, E,

B

cos @
P4l ‘ 1 1 IMP
4E\E, 2x)?

(d_ff) - p
dQ /1ab 2EA2EB|UA—U,3|
(4)

Note that in both both Egs. (2) and (4), the actual physics of the scatter-
ing process is encoded in M, whose numerical calculation is discussed
in the next two subsections.

To obtain the total cross section (TCS) o, we integrate over the solid
angle Q:

emax
0_/—dQ 2 / 49 Gn(0)do )
o dQ

where we use that the DCS does usually not depend on ¢.

Before calculating (5), we need to check the limits of 6. If all final
particles are distinguishable, 6, = #. But if some final state particles
are identical, we divide 6,,,, by the number of identical particles. For
two final particles, it is 6,,,,, = #/2. We also expect the DCS to be sym-
metric in this situation, in which case it does not matter if we integrate
over0<0<rz/2orx/2<0<nx.

2.2. The scattering matrix M

Let us now briefly recall elements of the scattering matrix M which
needs to be discretized for numerical cross section calculations. In short,
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Table 1

List of the different Feynman diagram components in Yukawa theory and QED.
Left: component drawing. Middle: component mathematical expression. p here
stands for the component’s 4-momentum vector, m for the mass (in natural
units), u and v are vertex indices from 0 — 3, and s is an index for polarization
or spin, from 0 — 1. Right: Component’s reference number and name.

H \/l}/\) v jf';y 1. Photon Propagator
H T Y ij::z) 2. Fermion Propagator
>B\/\/ —iey" | 3. Photon Vertex
>H— —ig 4. Fermion Vertex
|<P— u'(p) | 5. External Fermion, entering vertex
}_P—> #'(p) | 6. External Fermion, exiting vertex
'Tﬁ— ¥(p) 7. External Anti-Fermion, entering vertex
I—P<_>_ vi(p) 8. External Anti-Fermion, exiting vertex
M\/ &(p) 9. External Photon, entering vertex
P (€(p))" | 10. External Photon, exiting vertex

M is the analytic equation of a Feynman diagram, which draws the
particle interaction process according to specific rules. Such diagrams
consist of several components. The components of the first-order tree
diagrams considered here can be expressed according to Yukawa theory
and the rules of QED [41,42]. The relation between the diagram compo-
nents and their mathematical expressions are shown in Table 1. In our
case, external particle lines represent the initial and final state particles,
vertices are the interaction points, and propagators connect one vertex
with the next.

The external fermion components u*(p) are spinors in the plane wave
solution

w(x) = u(p)e™?* (6)

of the Dirac equation (similar for v*(p)) where s refers to the spin state
of the particle. u*(p) relates to positive frequency solutions (fermions),
whereas v*(p) relates to negative frequency solutions (anti-fermions).
#%(p) and 7*(p) denote conjugate spinors. Explicit expressions for these
spinors are [28]:

W (p) = (\/—Vﬁ‘;@ s=0,1. @

a(p) = u' (p)y°, 6)
vi(k) = <—Hn> s=0,1. ©

5(p) = v’ (p)y° 10)

where ¢ = (6°, 6!, 62,6?) is the four-vector of Pauli matrices and & as
well as 7 are chosen such that £7¢ = 1 (likewise for 7).

Feynman diagrams implicitly consist of one temporal and one spatial
dimension identifying the particles’ motion, where the temporal axis of
a diagram is considered to be along the direction of the propagator in a
2 — 2 particle process. The time-ordered multiplication of all Feynman
diagram components leads to the scattering matrix iM as it appears in
Eq. (1). This means that i M begins with the vertex (and external parti-
cles) at the latest time. After this vertex follows the propagator entering
the second latest vertex, etc. A particle interaction process can consist
of multiple diagrams; in such a case, a summation of all diagrams needs
to be computed. The sign of each diagram in the summation depends
on the amount of fermion exchanges with respect to the first diagram.
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An odd number of fermion exchanges results in a minus sign, an even
number in a plus sign.
The total calculation for M follows as

Niag Neomp
iM= Z (_l)Nexchunge.k H Cj,k’ an
k=1 j=1

where j labels the total number of N, different components C; , of
a diagram D, (summarized in Table 1) that need to be multiplied. The
sum is taken over all diagrams of a process where N, g« Stands for
the number of fermion exchanges of the considered diagram k with re-
spect to the first lowest-order Feynman diagram. Some of the component
expressions in Table 1 used as an input to Eq. (11) show index depen-
dencies because of the four-dimensionality of space-time. Let us first
consider the vertices themselves: Photon vertices carry a 4-vector index
u. Together with either a photon propagator (with two indices xv) or an
external photon (with one index p), this results in an Einstein summation
when multiplied in Eq. (11). Each summation pair over two recurring
indices is in principle independent off that summation index, which re-
mains the case within a single diagram. However, it can be shown that
by pulling these Einstein summations out of the diagram summation, the
indices between diagrams can become linked. This reduces the number
of independent indices to the number of vertices in one diagram instead
of the total number of vertices. Although this does not reduce the total
number of iterations, it does provide a computational convenience, as
shown more explicitly in paragraph Section 2.3.2. Particularly, for two
processes with two initial and two final state particles, it is N0, = 2.

Calculating cross sections, we are interested in the absolute value
squared of the scattering matrix. For a particular set of particles in a
particular state, this is simply |M|? = iM - (iM)*. Particular states of
the particles refer to the different spin vectors & or # of the fermion
spinors, see Egs. (7-10) and the different photon polarizations ¢ which
can be represented by two orthonormal basis vectors. These vectors can
be freely chosen in any desired form, as long as they are orthonormal
to the direction of motion of the photon. For an external photon with 4-
momentum k¥ = (k0 0 k) a generic choice of polarization vec-
tors can be 6‘2 =0 1 i 0)and e}‘ =(0 1 —i 0).forpolar-
izations s =0 and s = 1. For photons not along the z-axis, the polar-
ization vectors can be calculated through eg =k x z and eL =(kxz)xXk

wherez=(0 0 0 1) represents the z-axis and where the spatial
parts of resulting polarization vectors have been normalized. Both spin
and polarization indices are independent of other Feynman components.

Although individual particles have distinct spin or polarization,
physical measurements will typical be in the context of several parti-
cles with not necessarily the same polarization or spin states. Hence, we
are not interested in particular polarizations or spin states and remove
their dependency by averaging over the states or polarizations of the
initial particles, and summing over the spin/polarization states of the
final particles. For 2 — 2 particle processes, this results in a factor 1/4
for the scattering matrix and four more summations. In such summa-
tions we refer to the spin states or polarizations of the initial particles
(depending on whether they are fermions or photons) as s,s’ and use

r,r for final state particles.
By combining Eq. (11) with the above, the scattering element of the
cross section becomes

M2 = i SIF Y iM-M) = }‘ > ([Z ;(_I)Nexchange,k [T
o v J

sosor s.s! !
Z Z(_I)Nexchange.k H C/‘k:| ) (12)
uv k J

2.3. Program structure

The cross section calculations outlined in Sections 2.1 and 2.2 can
be automated resulting in a numerical tool whose structure is out-
lined in Fig. 1. The program consists of three different phases: re-
ceiving user input, calculating M, and calculating the DCS and TCS.
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These phases are displayed by dotted rectangles in Fig. 1 and are de-
scribed in more detail in the following subsections. Instructions how
to compile as well as run the code, and details about the output are
found in Appendix A. The code is available as Supplementary Material
and through https://gitlab.gbar.dtu.dk/chrstk/cross-section-
calculation.git.

2.3.1. Input processing

All user input is done in a single header file (an overview of the
general structure is given in Appendix B; an example is given in Ap-
pendix C). Feynman diagrams are provided based on their vertices. A
diagram is implemented by adding all vertices from earliest to latest
(see examples in the folder input files for the cases presented in Sec-
tions 3 and 4). For each vertex it is specified which external particles
are connected to it and what propagator connects it to the next ver-
tex. In the case of 2 — 2 particles in tree-diagrams, each diagram has
two vertices. Particles and propagators are constructed as objects in the
code by specifying their type, direction, momentum, and mass. Types
can be fermion (1), antifermion (-1), or photon (0). Direction refers to
the particle’s momentum vector entering or exiting the connected ver-
tex (depending on time and fermion/antifermion state). Momenta are
4-vectors and input as functions of the energy E depending on the re-
spective case and scattering angle 6. External particle objects can - and
should - be reused in multiple vertex creations, since these represent
the same particle. Propagators and vertices, however, are not the same
between diagrams and need to be created anew for each instance. We
refer to the collection of a vertex with its connected external particles
and propagator as a vertex group (see Fig. 2).

The energy range E is free for the user to specify. The range of E
as well as the angle 6 as defined in Eq. (4) and their accuracy are user
specified as part of the general program input where 0 should always
be calculated from 0 to . However, the code allows for other ranges of
0, or even single angular values; this will produce values for the differ-
ential cross section, but will not calculate the total cross section which
is the integration of DCS over Q (Eq. (5)). Furthermore, the user can
specify if the considered process is in the center-of-mass frame or the
laboratory frame, and if the CS values should be given in natural units
or SI units. Note that all input is always done in units of MeV, regardless
of the output. The program has predefined mass variables for photons,
electrons/positrons, protons, neutrons, muons and tauons.

A thorough description of how input files look like and can be struc-
tured is given in Appendix B.

2.3.2. Calculating | M|?

To calculate the scattering matrix, we employ Eq. (12). Due to the
matrix and vector nature of most Feynman components, the order in the
product []; C; , matters. Each vertex group is ordered based on its al-
gebraic properties, which is demonstrated in Fig. 2. Vertices are always
matrices, and external fermions are always vectors. Thus, the fermions
get placed directly around the vertex. If the group has a propagator, it
will be either a matrix or a scalar, and in either case, can be multiplied
first in the group. External photons are scalars, and therefore do not nec-
essarily have a designated position. For consistency, we define them to
always appear last in the group. Component ordering is saved as an ar-
ray. Vertex groups themselves should have time ordering, i.e. the input
order is reversed, hence vertices go from latest to earliest. Note that vec-
tors and scalars are cast into the form of a complex 4x4 matrix to ease
numerical implementation. Column vectors are implemented as the first
column of a matrix, with the rest of the entries set to zero; similarly, row
vectors as the first row, and scalars as the top left entry. This maintains
the components algebraic properties while avoiding type and function
errors in code because of different dimensionality. Ordering is done for
each diagram in the process, such that we end up with an ordered array
of ordered vertex groups for each diagram.

After marking which components in the code have indices s, s’, r, ¥/
for spin and polarization averaging and which Einstein summations over
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Vertex Order

Input :
i Diagram Input: ID Feynman
: Momenta p(E,8, . '
: : [nat |pr| \)/] Components Particles, !
E m (natural, Me P»{Function reference # »|  Propagators, & H
P ptartlc!e type Table 1 Vertices

1 direction w.r.t. vertex

iM, Eq. (11)

Component Product:
|-|J‘=1 Cj,k

(input) 5

General input: Nexchange ] :
e E[MeV] Process < Diagrams :
« O [rad] Diagram Sign H
« Output path name :
e Natural/Sl output units Repeat for k Time order: H
* Lab/CM frame Math order (Table 1); :
N'comp ; i . E

X Diagram sign; Scattering

Matrix !

ID spin/polarization/

Y vertex sums

S,S5,r, I HV

Eq. (14)

TCS [m?] DCS [m?/sr]

Output Data

Link indices; Order sums

Eq. (13)

> IMP Eq.(12) :

Frame (input);

ID initial &final
Lab Frame DCS ID stationairy particles;
[1/(srMeV?)],
Eq. (4)

H

H

: H

¢ particle H
H

CM Frame DCS

[1/(sr*MeV2)],
Eq. (2)

Cross Sections

Fig. 1. Flow diagram of the program. The three dotted, rectangles indicate three phases. From top to bottom: user input, calculation of |M|> (M in figure), and
calculation of the DCS and TCS. The diagram starts at "Diagram Input", and ends at "Output Data".

{ Propagator || External Vert
u i (scalar/mati| Fermion ertex Fermion Photon Photon []
! (matrix) | (columnvec) (scalar) (scalar)

rix) i} (row vector)

Fig. 2. Order of a single vertex group. External particles are indicated in grey,
the vertex in white, and the propagator in dotted white. There are only two
external particles in a vertex group for 2 — 2 particle processes. The four shown
here are only to indicate the ordering. The propagator is optional, since the
latest vertex in the diagram does not have a propagator in its group.

u and v need to be performed, |M|? is calculated for a particular set
(E, 6) according to Eq. (12).

2.3.3. DCS and TCS

Once | M|? is obtained, the code proceeds to calculate the DCS de-
pending on the frame of reference of the collision, specified as user in-
put. A program warning is given if the implemented process is not a
2 — 2 process, which might indicate an error in the input.

e For the laboratory frame, the program uses Eq. (4) to calculate the
DCS. We identify p 4 by checking which initial particle does not have
zero spatial momentum components. p, is chosen such that this is the
momentum of the particle that encloses the angle 6 with the direction
of the initial particle A. If both particles have the same angle, the

final particle that was inputted first, is used. The momenta of all
particles are then plugged into Eq. (4), yielding the final DCS.

¢ For the center-of-mass frame, Eq. (2) is used. This value is directly
calculated once the initial and final state particles are identified.
Note that for a system with 2 initial particles, their energies are
equal.

The DCS is by default calculated in natural units. If the user specifies
the output to be in SI units, the conversion is performed through

DCSg[m?] = DCSp,pall1/MeV?] - (ic)? 13)

where hc = 197.327 - 1075 MeV - m.
The TCS is calculated by numerically integrating the DCS (5) as

Jmax

do .
o=2x ;} G 5in(@,)A0 as

where the number of integration points j,,, is chosen such 6; = 0,,,
and where A0 = 0, /jmax determines the integration step size.

As mentioned in Section 2.1, 6,,,, is different depending on whether
the two particles in the final state are identical, or not. This is deter-
mined by checking if the particles’ mass and type are the same. However,
the user can overwrite this check through the input file, in which case
the program will not consider the final particles identical, regardless of
its own check. This becomes relevant for processes that contain final
state fermions of the same mass, but that are not identical from a QED
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Fig. 3. (a) First order Feynman diagram for e*e™ — u*u~. Here A is the electron, 3 is the positron, particle 1 is y* and particle 2 is 4. (b) Collision in the center
of mass frame for a 2 — 2 particle process, with general expressions for the 4-momenta p, where p, - €, = |p,| cos 6.

point of view. We will see this case applied for the photodissociation
cross sections presented in Section 4.

If any DCS values are infinite, they are excluded from the TCS in-
tegral by setting them to zero beforehand. This is to avoid integration
issues and to be able to get a fully numerical output dataset. In such
cases, the program will produce a warning with the number of points
that was set to zero. Such manual zero points are typically clearly rec-
ognizable in a data set, since they show as abrupt cutoffs. They are often
due to the input energy range including energies smaller than the system
rest energy, in which case the DCS can be considered to be zero. How-
ever, we advise care with the zero values in other parts of the output
DCS. If they occur due to numerical issues, it is still reasonable to use
the TCS; if infinities or invalid values occur due to physics, we advise to
not use the provided TCS data for the energies in question, nor to use
the DCS artificial zero points.

3. Benchmarking

To evaluate the accuracy of the program implementation, we use
four general particle processes with known analytical solutions - here-
after called the "reference" - to test the numerical results against. The
processes used for this comparison are ete~ — u*y~, Bhabha scatter-
ing, pair annihilation, and Compton scattering, and are presented in
the following paragraphs. The reference for the TCS is acquired by nu-
merically integrating the reference DCS using the known Python module
scipy.integrate.quad ([43]). The Feynman diagrams for benchmarking are
drawn based on [28], unless specified otherwise. For all processes the
relative difference between our numerical results and the references are
calculated as

O, i — 0,
numerical results reference
Ac = . (15)

Oreference

In order to calculate the processes, you need to know the Feynman di-
agram itself, as well as the momenta in the considered reference frame
in terms of E and 6. The input files for these cases are provided in the
folder input files in the main code directory, see Appendices B and C
for details.

3.1. Process ete” — utu~

The first order Feynman diagram for this process is shown in Fig. 3a.
We use this process to test the program’s handling of external fermions,
photon propagators, and generally the DCS and TCS calculation.

The process is calculated in the center of mass frame, see Fig. 3b. We
define 6 to be the angle between = and e~, with e~ moving along the
z axis. According to [28], the reference exact analytical expression for

the DCS in this situation is

2 2 2
do _ o’ M My My 2
E—4EéM I—E 1+E + I—E cos“ 0. (16)

The example input file for this process is listed in Appendix C.1. The
numerical results are shown in Figs. 4 and 5 and compared with Eq. (16).
All DCS panels are shown for energies above the rest energy of a muon
(105.6 MeV), except the far left, which correctly shows a zero DCS at
lower energy. There is hence no relative difference plot for this energy.
There is an excellent agreement between the numerical results and the
reference, within a few sub-percent for both the DCS and the TCS. The
energy E can be defined here as being the energy of any of the particles
since this collision process is considered in the center-of-mass frame, see
Fig. 3b.

3.2. Bhabha scattering: ete™ —ete”

The first order Feynman diagram for this process is shown in Fig. 6.
We use this process to test the program’s handling of multi-diagram
calculations with a relative sign difference.

The process is calculated in the center-of-mass frame. The input file
for this specific scattering case is given in Appendix C.2. We define 6
to be the angle between the two electrons, with the initial e~ moving
along the z-axis. According to [28], the exact analytical expression for
the DCS for Bhabha scattering in the center-of-mass frame is

te - £ (A (2 2Y)

where the Mandelstam variables s, ¢, u are defined as

s=(py+ PB)2
t=(ps—-n) (18)
u=(py— P2)2

Numerical and analytic results are shown in Figs. 7 and 8 for vari-
ous energies with an excellent agreement between these two, having
the relative difference within a few sub-percent for both DCS and TCS.
The energy E can be defined here as being the energy of any of the
particles since this collision process is considered in the center-of-mass
frame.

3.3. Pair annihilation: ete™ — 2y
The first order Feynman diagram for this process is shown in Fig. 9.

We use this process to test the program’s handling of multi-diagram
calculations, external photons, and identical final particles.
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Fig. 4. Top: DCS do/dQ (Eq. (16)) for ete™ — u*u~ in the center-of-mass frame in natural units. The analytic cross sections are plotted in orange. The program’s
numerical result is shown as blue dots. Bottom: The relative difference Ac[%] is shown as black dots. Each column shows the DCS for a different energy E.. (For

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Left: TCS o for e*e™ — u*u~ in the center-of-mass frame in natural units. The analytic cross section is plotted in orange. The program’s numerical result is
shown as blue dots. Right: The relative difference Ac[%].. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version

of this article.)

7
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Fig. 6. First order Feynman diagrams for Bhabha scattering [44]. Here A is the
initial electron, B is the initial positron, particle 1 is the final electron and parti-
cle 2 is the final positron. There is one fermion exchange between the diagrams,
between p, and p 4, turning the plus into a minus for the second diagram, when
expressing M.

The process is calculated in the center-of-mass frame. We define 6 to
be the angle between the electron and either one of the final photons,
with the electron moving along the z-axis. The analytical solution for
the DCS is [28]

(

do _a® E (E>+Ipyl’cos’d 2m?
dQ

2m‘:
s pal

m2 +|p 4|? sin® 6 (m2 + |p4I? sin® 6)2

m? +|p 4| sin® 0

19

with the Mandelstam variable s = (p, + pg)>. Results are shown in
Figs. 10 and 11 for various energies. As before, there is an excellent
agreement between numerical and analytic results, within a few sub-
percent. The energy E can be defined here as being the energy of any
of the particles since this collision process is considered in the center-
of-mass frame.

3.4. Compton scattering: y e~ — y e~

The first order Feynman diagram for this process consists of the two
diagrams shown in Fig. 12. We use this process to test the program’s
handling of laboratory frame calculations and SI unit conversion.

We define 0 to be the angle between the initial and final photon, with
the initial one moving along the z-axis. The initial electron is the station-
ary particle. The exact reference expression for the Compton scattering
DCS is the Klein-Nishina equation [45,46]

)|
where r, ~2.82 - 10715 m is classical electron radius, w the photon fre-
quency in its initial state and «’ the photon frequency in its final state.
The photon frequencies before and after scattering are related through

_ ()
- ho .
1+ m(l —cos0)

w!

@

w/

[0

1,

do <
p

G5 + a% — sin(9)? (20)

/

10} 21)
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]

m 4

Fig. 9. First order Feynman diagrams for pair annihilation. Here A is the elec-
tron, 3 is the positron, and particles 1 and 2 are the resulting photons. The
photons are considered indistinguishable final particles.

where m, ~ 9.1 -1073! kg is the electron’s rest mass. Results in Figs. 13
and 14 show a very good agreement between the numerical and analyt-
ical values for various energies. The energy FE is defined as the initial
photon’s energy.

3.5. Comparative discussion

In all four test processes, we see an excellent agreement between the
reference and the numerical results, in both DCS and TCS. The relative
difference is in the order of 107#% — 107%% for all, with no clearly per-
ceivable structure to it. These small and seemingly random differences
suggest them to be of numerically insignificant nature. This suggests a

good functioning of our code. Since the differences are small, we observe
a high accuracy of the datasets.

We further remark on the symmetry of the pair annihilation DCS.
The green symmetry line in Fig. 10 shows the DCS to be symmetric in
the ranges 0 < 0 < z/2 and n/2 < 0 < =, as expected for a process with
two identical final particles.

Finally, let us discuss the energy dependence of the processes. Phys-
ically, a process should not be possible if the energy specified in the
code for a collision process is less than the total initial rest energy of
all considered particles. This is well reflected in the numerically calcu-
lated cross sections as both the DCS and TCS go to zero below the ini-
tial rest energy. In most cases this means E > m, = 0.511 MeV, the rest
energy of an electron (in natural units). In the case of ete™ — y~pu™,
E >m, =105.6 MeV, the muon’s rest mass.

4. Photodissociation

As a first application to our numerical tool, we are presenting first-
order results for the photodissociation of molecular nitrogen for which
there is only sparse data [33]. This process splits molecular nitrogen into
two nitrogen atoms and is fundamentally different from photonuclear
processes where a neutron or proton is liberated from a nucleus [26].

The photodissociation of molecules is a slightly different type of pro-
cess than the previously shown processes since each molecule itself con-
sists of multiple smaller particles, with their own interactions and influ-
ences on the cross sections. However, even though a full calculation
of all these interactions is currently beyond the scope of our program,
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Fig. 12. First order Feynman diagrams for Compton scattering. Here A is the
initial photon, B is the initial electron, particle 1 is the final photon, and particle
2 is the final electron.

the code is still suited to create accurate first-order cross section data
when we consider molecular nitrogen N, and atomic nitrogen N as sin-
gle particle fermions. This is similar to other QED processes of compound
particles, such as the scattering of charged pions or the Compton scat-
tering of photons at charged pions [47]. As an example, we will consider
the process y+N, — 2N with the first-order Feynman diagram shown in
Fig. 15a.

In order to numerically calculate the cross sections, we need an ex-
pression for the 4-momenta of this process. The situation is sketched

in Fig. 15b, where we defined the incoming photon to have a momen-
tum py = (E4,0,0, E4) and the initial molecule to have a momentum
pp = (mg3,0,0,0), i.e. being at rest.

We use energy and momentum conservation to find expressions for
the final momenta. The combination of the two conservations results in

E -Ey,+my=E +E,

=14/ [p |2 +m%

+ /DA + 1, 2 = 21p4lIp | cos(0) + m2

(22)

for the situation as sketched in Fig. 15b. E, is the binding energy of the
initial molecule B. Eq. (22) can be rewritten as

0= (4Ip4? cos(8)? +4EH)|p, 1> — 40Ip 4| cos(®)|p; | + 7 — 4Em?,

where E; = E — E, + mp, (23)

and (% = E} + m} — [p4|* — mZ.

This is a standard quadratic equation in |p, |; we leave it in this general
form such that it can be applied to other 2 — 2 photodissociation pro-
cesses as well. The solution is calculated in the input of the program in
the functions for the momenta. We only consider the positive solution
since |p,| must be positive. The 4-momenta then follow to be

pi= (/o1 + 72, 111 5in(®),0, I | cos(®)) @4
Py =pPatPp— D (25)
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Fig. 15. (a) First order Feynman diagrams for photodissociation. Here A is the initial photon, B is the initial molecule, and particle 1 and 2 are the final molecules.
(b) Collision in the laboratory frame for a 2 — 2 particle process with one stationary initial particle, and with general expressions for the 4-momenta p. The scattering
angle § = <(p_4, p; ) is defined as the angle between one of these atoms and the direction of the incident photon.

In the case of y+N, — 2N, myz = my, = 28.0134 gram/mol = 26.0943
MeV (in natural units). Furthermore, m; =m, = my =my, /2 , and for
molecular nitrogen E, = 9.76 - 10-° MeV [48]. Even though the binding
energy is included in the momenta, the cross section will not naturally
go to zero at energies below this, because we consider N, to be one solid
particle. To avoid nonphysical results, we add a manual cutoff by hav-
ing the momentum functions return a zero vector for energies smaller
than the binding energy. Finally, since the two final nitrogen molecules
are input as the same type of particle with the same mass, they will
seem identical to the program. However, they can not be considered
as such from a QED point of view, since in reality they consist out of
multiple other particles, thus allowing for variations in state and con-
figuration. We therefore run the program without the step of identifying
identical particles. The nonidentical nature of the two nitrogen atoms
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is something we will see confirmed by the lack of angular symmetry in
the resulting DCS in Fig. 16b.

The DCS and TCS are shown in Fig. 16, together with those of the
photodissociation of O, into 2 Os, which was calculated with the exact
same input as N,, but with the appropriate change in mass and binding
energy. A reference dataset for the N, process’ TCS was found in [33]
for an energy range of approximately 13.4 — 18 eV. This data was fur-
ther extrapolated to the approximate range 13.4 — 108.9 eV. No reference
(literature, dataset) was found for the DCS.

The total cross section (Fig. 16a) by trend agrees with the order of
magnitude of the reference cross section. One of the main differences
are the resonances for low energies in the reference cross section, whilst
the code produces a smooth curve. From the benchmark (Section 3), we
know that the cross section calculation of 2 — 2 tree-diagram processes
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Fig. 16. (a) Top: The total photodissociation cross section for N, and O, as a function of photon energy E, together with the reference for N, ([33]). Bottom: The
total photodissociation cross section for N, and O,, together with total cross sections for various other photon processes. (b) The differential cross section do/dQ for

the photodissociation y+N, — 2N for low and high photon energies E.

in itself is very accurate. We therefore suggest that the resonances of
the reference cross section originate from higher-order Feynman dia-
gram contributions which are not considered in our code. Although the
simplified input results a less detailed TCS, the result is still considered
a useful dataset as it allows to calculate the TCS to higher energies in a
reasonable manner. Panel a) shows the photodissociation total cross sec-
tions for molecular nitrogen and oxygen and compares them to typical
cross sections for photoionization, Compton scattering and pair produc-
tion for molecular nitrogen, thus for the wide energy range from tens
of eV up to tens of MeV relevant for beams of relativistic electrons and
TGFs. Our calculations show that the cross section for photodissociation
is actually on the order of the other processes. Another advantage of
our code is that it allows to calculate the differential cross section, see
Fig. 16 b), for which no reference data were found, for low and high en-
ergies. Furthermore, the angular dependence is not symmetrical in 7 /2
suggesting that the 2 N atoms resulting from the process are not neces-
sarily identical particles from a QED point of view, as argued before.

The presented data for photodissociation can be added to typical
Monte Carlo simulation codes tracing TGF photons through the atmo-
sphere and usually containing only photoionization, Compton scattering
and pair production [20,29,49-51]. Our calculations shows that pho-
todissociation must not be neglected and should be included to give
a more realistic picture on how TGFs interact with the atmosphere
[30,31].

5. Conclusions and outlook

We have provided a numerical tool that allows to calculate dif-
ferential and total cross sections for QED processes for a wide range
of energies, as they occur in typical TGFs beams; the code is added
as Supplementary Material and on https://gitlab.gbar.dtu.dk/
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chrstk/cross-section-c alculation.git together with a Wiki on
how to use it. From the benchmark results we see that the code is very ac-
curate in calculating cross sections for 2 — 2 tree-diagram processes. We
have benchmarked the code with four processes (ete~™ — u*u~, Bhabha
scattering, pair annihilation, Compton scattering) and observe that both
the TCS and DCS agree with the corresponding analytical solutions to
within an order of ~ 10~*%. These processes involved different combi-
nations of elemental particles, such as photons, electrons, and muons.

As a first application, we have applied the code to the process of
photodissociation where we have considered y+N, — 2N. As a first or-
der approximation, a single tree-level Feynman diagram was used to de-
scribe this process, and the molecule and atoms where treated as single
“fermions”. The resulting TCS showed an overall good agreement with
reference data although the code could not resolve resonances which
might be attributed to higher-order Feynman diagram contributions.
However, we were able to calculate DCS as well as TCS data for higher
energies for which there is currently no data. The total cross section is
on the order of total cross sections for photoionization, Compton scatter-
ing and pair production and should thus be added to particle simulations
which are relevant to study the effect of terrestrial gamma-ray flashes or
similar high-energy processes onto the atmosphere. With the provided
code, the setup of this photodissociation process can be easily copied to
processes such as y+0; —0,+0, and y+NO, -NO+ O by changing the
input masses and binding energy.

For future development we make the following suggestions:

e Extend the code to calculate multiple final particles, which would
include atmospheric processes such as y+CO, -C+20, y+H, O—
2H + O, and y +2NH; —»3H, +N,. The main change to achieve
this is adapting the phase space integral for the laboratory frame.
For two particles, this integral has a fixed analytical expression as
presented in Eq. (4). However, for many final particles, the integral
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can only be solved using a numerical integration scheme. The code
itself requires some minor adjustments in the ordering process, but
is generally setup to allow multiple final particles.

» Extend the code to calculate processes with two initially moving par-
ticles in the laboratory frame. This would allow for the calculation
of processes such as Compton scattering with an moving electron,
which is relevant for atmospheric simulations. Currently, the cross
sections for this process can be calculated using the center-of-mass
frame, after which they can be transformed to other frames. How-
ever, as it is now, the code does not allow for the calculation to be
done directly in the laboratory frame, since Eq. (4) assumes one sta-
tionary particle. As with the previous point, this can be resolved by
include a different method of solving for the phase space integral.

¢ Extend the code to deal with higher order Feynman diagrams. Higher
order diagrams might allow for a more detailed result in complex
processes such as photodissociation. However, they can take many
forms, such as multiple propagators and loops. They would require
major extensions to the program, so we leave the details of this op-
tion for future work. One example for an extended code could be to
calculate cross sections for photonuclear processes, emitting a neu-
tron or proton, and benchmark numerical results against available
data [26].

Nevertheless, in cases where there is no reliable data for a given col-
lision process, the provided numerical tool provides suitable cross sec-
tion approximations that can be implemented into particle Monte Carlo
codes for photons and leptons. Additionally, it provides a means to cal-
culate differential and total cross sections where some references only
provide total cross sections, and can thus help to model the angular de-
pendence of collision processes correctly. The code allows for the simple
calculation of multiple electron and photon processes, and can therefore
make more cross sections available for atmospheric simulations than
there are at the moment allowing for more accurate simulations of elec-
tron and photon beams through the atmosphere. We already know that
photonuclear processes have the capability of changing the local atmo-
spheric composition [31], and including additional electron and photon
processes for both low and high energies will help us to understand the
effect of these species on Earth’s atmospheric chemistry.
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Appendix A. Compiling and executing the code

In order to compile the code, the eigen library is needed which
are used to perform matrix and vector calculations. In any given
location, the eigen library can be downloaded through git clone
https://gitlab.com/libeigen/ eigen.git. In order to then compile
the cross section code, the directory of eigen needs to be known.

After downloading the eigen library, the following steps need to be
performed to compile the cross section code:

¢ Go into the main folder of the cross section code.
¢ Run the following commands

- mkdir build (only for the first compiling)

— cd build

— cmake . -DCMAKE_PREFIX_PATH

=path_to_the_eigen_folder

— cmake --build .

¢ Once these steps have been performed, the code can be run through

./cs.

The Feynman diagrams are encoded in the file UserInput.h, see Ap-
pendix B below for how to implement Feynman diagrams. Appendix C
gives examples for the processes discussed in Sections 3 and 4. When-
ever the file UserInput.h is changed to implement a different Feynman
diagrams and thus calculate different cross sections, the last step (cmake
--build .) needs to be rerun.

The variables string pathDCS and string pathTCS specify what
the files storing the differential and total cross sections are called. In the
file for the differential cross section, the energies E [MeV] are outputted
in the first column, the angles ¢ are outputted in the first row, and the
DCS values are tabled as a 2 x 2 matrix in-between. The total cross sec-
tion file contains the energies E [MeV] in the first column and the TCS
(either in natural units or in SI units, as specified) in the second column.

Appendix B. Encoding Feynman diagrams

Feynman diagrams and some options are encoded in the file
UserInput.h. A template file with instructions as comments is pro-
vided in the folder input files, together with the input files for the
processes in this paper. In order to use one, copy its content into
UserInput.h, save, and recompile the code through cmake --build .,
see Appendix A for details. In order to make a new process, copy the con-
tent of the template into UserInput.h and replace the examples with the
information of the desired process, as described below.

The following can be modified/implemented in the user input file:

e the minimum and maximum energy [MeV]: double Emin and
double Emax

e the energy binning through the divisor in VectorXd E =
arange (Emin, Emax, (Emax - Emin) / 100); (here 100 as
an example). For large energy range, a 10-log binning can be used
instead: VectorXd E = log_arange(10log(Emin), 10log(Emax),
10 (Emax0Order - EminOrder) / 100);

¢ number of bins for # integration: through divisor in VectorXd theta
= arange(0., PI, PI / 100);, (here 100 as an example)

e the file names of the output files: string pathTCS and string
pathDCS

e choice of center-of-mass frame: bool CMFrame; true for center-of-
mass frame, false for laboratory frame

e unit system: bool natural; true for natural units, false for SI units
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e momenta functions (paragraph MOMENTUM VECTORS p): define
Vector4d functions returning a four-dimensional momentum vector
as a function of E and 0 (if spatial momentum components are
needed, express them through E and 6); these are used as inputs for
the external particles and the propagators. Note that propagators
have different momentum expressions in different diagrams
external particles (paragraph EXTERNAL PARTICLES): defining the
external particles (user-defined names) of a Feynman diagram in-
cluding type (antifermion, photon, fermion), direction (entering or
exiting vertex), momenta and mass (in natural units).
propagators (paragraph PROPAGATORS): defining propagators (user-
defined names) of a Feynman diagram including type (photon,
fermion), momenta and mass (natural units); define as many prop-
agators as needed; a propagator needs one momenta object that is
an array of the momenta of the external particles attached to the
first (earlier) vertex that connects to the propagator in the Feynman
diagram
vertices (paragraph VERTICES): defining vertices (user-defined
names) of a Feynman diagram (define as many vertices as needed);
a vertex needs a particles object, which is an array of the particles
attached to the vertex; also specify which propagator(s) attaches to
by using a propagators array
diagrams (paragraph DIAGRAMS): defining the vertices (based on
previous step) and Diagram object based on vertices; vertices need
to be added into a vertices array in time order from earliest to
latest; define as many diagrams as needed to define the complete
process
¢ define the full collision process (paragraph PROCESS) using the dia-
grams created in the previous step; all diagrams that constitute the
full process need to be grouped in the diagrams object; the name
process for the object is fixed

Appendix C. Examples

Example user input files for the Feynman diagrams of the processes
discussed in Sections 3 and 4 are provided in the directory input files.
In order to run these examples, copy the respective *.txt file into
UserInput.h, save, and recompile, see Appendix A. Example results
(cross section files and the figures shown in Sections 3 and 4) are pro-
vided in the directory results.

Cl. ete - utu~

The Feynman diagram of this process is shown in Fig. 3a; the mo-
menta for this process are Fig. 3b:

P4 =Pe- = (E,0,0,E) (C.1)
pp = De+ = (E,0,0,-E) (C.2)
P =Py = (E, Esin#,0, E cos 0) (C.3)
Py =Pyt = (E,—Esin0,0,—E cos0). (C.4)

The input file then looks as here below, where the instruction com-
ments have been omitted for readability. For full instructions and com-
ments on each sections, see the original .txt files.

#pragma once
#include "classes.h"

///////////7////ELECTRON, POSITRON —>MU+,MU-
SCATTERING/////////////

/*

GENERAL INPUT PARAMETERS:

x do NOT change general variable names
*

Computer Physics Communications 323 (2026) 110069

* E [MeV] —> energy range; minimal 4 points;
recommended E > largest_restmass
linear range: arange(minimum_energy,
maximum_energy, energy_stepsize)
log range log_arange(logl0(
minimum_energy), logl0(maximum_energy),
order_stepsize)
* theta[rad]-> angular range; recomemnded 0—PI;
minimal 4 points;
* pathTCS —> string name for output total
cross section file;
* pathDCS —> string name for output
differential cross section file;
* CMFrame —> frame choice;
true : input and output in center of mass
frame
false: input and output in laboratory frame
* natural —> units choice;
true : input and output in natural units
false: input in natural units, output in SI
units
x/
double Emin = 1. smmu;
double Emax = 6. xmmu;
VectorXd E = arange(Emin, Emax, (Emax — Emin) / 100)

VectorXd theta

arange (0., PI, PI / 50);

string pathTCS = "TCS_pair_to_2mumu_CM _natural_units
Ltxt";

string pathDCS = "DCS_pair_to_2mumu_CM_natural_units
Ltxt";

bool CMFrame = true;
bool natural = true;

/%
MOMENIUM VECTORS p:
* fucntion format: Vector4d func_name(double E,
double th) {\ldots }
x do not change function parameters
+x do not change return type
* calculate momenta in terms of angle theta (th) and
energy E, matching your general input
definitions
% inversion of momenta direction between diagrams
requires a separate function
x/
Vector4d p_A(double E, double th) {
return Vector4d(E, 0., 0., E);
}
Vector4d p_B(double E, double th) {
return Vector4d(E, 0., 0., —E);
}
Vector4d p_1(double E, double th) {
double k3Norm = sqrt(pow(E, 2) — pow(mmu, 2)
);
return Vector4d(E, 0., k3Norm * sin(th),
k3Norm x* cos(th));
}
Vector4d p_2(double E, double th) {
double k3Norm = sqrt(pow(E, 2) — pow(mmu, 2)
)3
return Vector4d(E, 0., —k3Norm * sin(th), —
k3Norm * cos(th));
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/*

EXTERNAL PARTICLES:

*+momenta —> create array of functions; Total
particle momentum is consider the sum of those
functions;

format: momenta p = {funcl, funct2, \ldots
F
xParticle
properties;
format: Particle name(argl,
)5
argl: type [int]; —l=antifermion, 0=
photon, 1=fermion
arg2: direction [int]; —1 = momentum
away from vertex, O=propagator,
1 momentum towards vertex
arg3: momentum [momenta object];
function name with momentum
expression
arg4: mass [double, natural units];
Predefined variables: me=
electron , mmu=muon, mph=
photons, mn=neutron, mp=
proton, mtau=tauon

—> create particles with their

arg2, arg3, arg4

*/
momenta
momenta
momenta
momenta
Particle
Particle
Particle
Particle

p_Elli = { pA };

p_Pos_i = { p.B };

pmul f = { p_.1 };

pmu2f ={ p_2 };

El_i(1, 1, p_El.i, me);
Pos_i(—1, 1, p_Pos_i, me);
mul_f(1, -1, p_.mul_f, me);
mu2_f(—-1, —1, p_.mu2_f, me);

/ *

PROPAGATORS:

% contruct one propagator for each diagram + 1 empty
propagator

% contruction is done similar to external aprticles,
see above

+« the empty propagator is constructed without
arguments: Particle emptyProp;

* note: momenta arrays & functions are different for
different diagrams

*/

momenta p_prop_ D1 = { p A,p. B };

Particle prop_D1(0, O, p_prop_D1, mph);

Particle emptyProp;

/*
VERTICES :
+ For each vertex in each diagram:
* Group external particles;
format: particles name = { &
Particlel , &Particlel , \ldots };
* Group propagators LEAVING the vertex (i.e.
propagators going to a vertex at a later time);
format propagators name = { &
propagatorl , &propagator2, \
ldots };
Use the empty propagator if the
vertex is the last in a diagram
(i.e. has latest time)
* Create vertex:

14

Computer Physics Communications 323 (2026) 110069

format: Vertex name(
external_particles_group ,
propagator(s)_group );
*/
particles ex_V1_D1 = { &El_i ,&Pos_i };
propagators prop_V1_D1 = { &prop_D1 };
Vertex V1_D1(ex_V1_D1, prop_V1_D1);

particles ex_V2_D1 = { &mul_f,&mu2_{f };
propagators prop_V2_ D1 = { &emptyProp };
Vertex V2. D1(ex_V2_ D1, prop_V2_D1);

/%

DIAGRAMS::

+« For each diagram:

* Groups vertices TIME ORDERED, from EARLY TO
LATE;

format: vertices name = { &vertexl,
&vertex2, \ldots };

* Create diagram:

* format: Diagram name(vertices ,
number_of_fermion_exchanges);

*/

vertices vertices_ D1 = { &V1_D1,&V2.D1 };
Diagram diagraml(vertices_D1, 0);

/*
PROCESS:
* Group diagram:
format: diagrams name =
ldots };
+ Create process:
format: Process process(diagrams);

{ &diagl, &diag2, \

DO NOT CHANGE THE VARIABLE NAME "process"

*/

diagrams Diagrams = { &diagraml };

Process process(Diagrams); //do NOT rename "process"

C.2. Bhabha scattering: ete~ —ete”

The Feynman diagram consists of two diagrams (Fig. 6). The mo-
menta are (in the center-of-mass frame):

Pe-initial = (E,0,0,E) (C.5)
DPet initiat = (E,0,0,—E) (C.6)
Pe- finat = (E,E sin, 0, E cos 0) (C.7)
Pet fina = (E,—E sinf, 0, —E cos ). (C.8)

The respective input file then looks like:

#pragma once
#include "classes.h"

////////////////BHABHA SCATTERING
L177777777777777777777777777777

/*
GENERAL INPUT PARAMETERS:
* do NOT change general variable names
*
* E [MeV] —> energy range; minimal 4 points;
recommended E > largest_restmass

linear range: arange(minimum_energy,

maximum_energy, energy_stepsize)
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log range log_arange (log10(
minimum_energy), logl0(maximum_energy),

order_stepsize)

* theta[rad]-> angular range; recomemnded 0—PI;
minimal 4 points;

* pathTCS —> string name for output total
cross section file;

* pathDCS —> string name for output
differential cross section file;

+* CMFrame —> frame choice;
true input and output in center of mass
frame
false: input and output in laboratory frame
* natural —> units choice;
true input and output in natural units
false: input in natural units, output in SI
units
*/
double Emin = 1.;
double Emax = 20.;

VectorXd E = arange(Emin, Emax, (Emax — Emin) / 100)

VectorXd theta

arange (0., PI, PI / 50);

string pathTCS = "TCS_bhabha_CM_natural_units. txt";
string pathDCS = "DCS_bhabha_CM_natural_units. txt";
bool CMFrame = true;

bool natural = true;

/*
MOMENTUM VECTORS p:
* fucntion format: Vector4d func_name(double E,
double th) {\ldots }
* do not change function parameters
x do not change return type
calculate momenta in terms of angle theta (th) and
energy E, matching your general input
definitions
% inversion of momenta direction between diagrams
requires a separate function
*/
Vector4d p_A(double E, double th) {
return Vector4d(E, 0., 0., E);
}
Vector4d p_B(double E, double th) {
return Vector4d(E, 0., 0., —E);
¥
Vector4d p_1(double E, double th) {
return Vector4d(E, E * sin(th),
th));

0., E x cos(

}
Vector4d p_2(double E, double th) {
return Vector4d(E, —E x sin(th), O.,
cos(th));

—E %

}
Vector4d inv_p_1(double E, double th) {
return —1 x Vector4d(E, E % sin(th), 0., E x

cos(th));
¥
/*
EXTERNAL PARTICLES:
*momenta —> create array of functions; Total

particle momentum is consider the sum of those
functions;
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format: momenta p = {funcl, funct2, \ldots
};
xParticle —> create particles with their
properties;
format: Particle name(argl, arg2, arg3, arg4
);
argl: type [int]; —l=antifermion, 0=
photon, 1=fermion
arg2: direction [int]; —1 = momentum
away from vertex,0=propagator,
1 momentum towards vertex
arg3: momentum [momenta object];
function name with momentum
expression
arg4: mass [double, natural units];
Predefined variables: me=
electron , mmu=muon, mph=
photons , mn=neutron, mp=
proton, mtau=tauon
*/
momenta p_El_i = { p.A };
momenta p_Pos_i = { p_B };
momenta p_El_f = { p_1 };
momenta p_Pos_f = { p_2 };
Particle EI_i(1, 1, p_El.i, me);
Particle Pos_i(—1, 1, p_Pos_i, me);
Particle E1_f(1, -1, p_El_f, me);
Particle Pos_f(—1, —1, p_Pos_f, me);
/%
PROPAGATORS:
% contruct one propagator for each diagram + 1 empty

propagator

% contruction is done similar to external aprticles,
see above

+x the empty propagator is constructed without
arguments: Particle emptyProp;

* note: momenta arrays & functions are different for
different diagrams

*/
momenta p_prop_D1 = { p A,p_B };
momenta p_prop_ D2 = { p A, inv_p_1 };

Particle prop_D1(0, O, p_prop_.D1, mph);
Particle prop_D2(0, O, p_prop_.D2, mph);
Particle emptyProp;

/%
VERTICES :
% For each vertex in each diagram:
* Group external particles;
format: particles name = { &
Particlel , &Particlel , \ldots };
* Group propagators LEAVING the vertex (i.e.
propagators going to a vertex at a later time);
format propagators name = { &
propagatorl , &propagator2, \
ldots };
Use the empty
vertex 1is
(i.e. has
* Create vertex:
format: Vertex name(
external_particles_group ,
propagator(s)_group );

propagator if the
the last in a diagram
latest time)

*/



H. van Gemert, F. Defranchi Bisso and C. Kéhn

particles ex_V1_D1 = {
propagators prop_V1_D1
Vertex V1_D1(ex_V1_D1,

&El_i ,&Pos_i };
= { &prop_D1 };
prop_V1_D1);

&El_f ,&Pos_f };
= { &emptyProp };
prop_V2_D1);

particles ex_V2_D1 = {
propagators prop_V2_D1
Vertex V2_D1(ex_V2_D1,

&El_i ,&El1_f };
= { &prop_D2 };
prop_V1_D2);

particles ex_V1_D2 = {
propagators prop_V1_D2
Vertex V1_D2(ex_V1_D2,

particles ex_ V2 D2 = {
propagators prop_V2_D2
Vertex V2_D2(ex_V2_D2,

&Pos_i ,&Pos_f };
= { &emptyProp };
prop_V2_D2);

/*

DIAGRAMS::

* For each diagram:

* Groups vertices TIME ORDERED, from EARLY TO
LATE;

format: vertices name = { &vertexl,
&vertex2, \ldots };

* Create diagram:

* format: Diagram name(vertices ,
number_of_fermion_exchanges);

*/

vertices vertices_. D1 = { &V1_D1,&V2. D1 };
Diagram diagraml(vertices_ D1, 0);

vertices vertices_ D2 = { &V1_D2,&V2. D2 };
Diagram diagram2(vertices_ D2, 1);

/*
PROCESS:
* Group diagram:
format: diagrams name =
ldots };
+ Create process:
format: Process process(diagrams);

{ &diagl, &diag2, \

DO NOT CHANGE THE VARIABLE NAME "process"

*/

diagrams Diagrams = { &diagraml, &diagram2 };
Process process(Diagrams); //do NOT rename "process"
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