
MNRAS 540, 1043–1054 (2025) https://doi.org/10.1093/mnras/staf626 
Advance Access publication 2025 May 23 

Synthetic spectra from particle-in-cell simulations of relativistic jets 

containing an initial toroidal magnetic field 

Ioana Du t ¸an, 1 ‹ Kenichi Nishikawa , 2 Athina Meli, 3 , 4 Oleh Kobzar, 5 Christoph K ̈ohn, 6 

Yosuke Mizuno, 7 , 8 Nicholas MacDonald, 9 Jos ́e L. G ́omez 

10 and Kouichi Hirotani 11 

1 Institute of Space Science – INFLPR subsidiary, Atomi s ¸tilor 409, RO-077125 M ̆agurele, Romania 
2 Department of Physics, Chemistry and Mathematics, Alabama A&M University, Normal, AL 35762, USA 

3 College of Science and Technology, North Carolina A&T State University, North Carolina, NC 27411, USA 

4 STAR Institute, Universite de Liege, Sart Tilman, B-4000 Li ́ege, Belgium 

5 Astronomical Observatory, Jagiellonian University, ul. Orla 171, PL-30-244 Krak ́ow, Poland 
6 National Space Institute (DTU Space), Technical University of Denmark, Elektrovej 328, DK-2800 Kgs Lyngby, Denmark 
7 Institute for Theoretical Physics, Goethe University, D-60438 Frankfurt am Main, Germany 
8 Tsung-Dao Lee Institute, Shanghai Jiao Tong University, Shanghai 200240, China 
9 Department of Physics and Astronomy, University of Mississippi, 108 Lewis Hall, University, MS 38677, USA 

10 Instituto de Astrof ́ısica de Andaluc ́ıa, CSIC, Apartado 3004, E-18080 Granada, Spain 
11 Taiwan Institute of Astronomy and Astrophysics, Academia Sinica, Taipei 10617, Taiwan, Republic of China 

Accepted 2025 April 10. Received 2025 April 10; in original form 2024 April 9 

A B S T R A C T 

The properties of relativistic jets, their interaction with the environment, and their emission of radiation can be self-consistently 

studied by using collisionless particle-in-cell (PIC) numerical simulations. Using three-dimensional relativistic PIC simulations, 
we present the first self-consistently calculated synthetic spectra of head-on and off-axis emission from electrons accelerated in 

cylindrical relativistic plasma jets containing an initial toroidal magnetic field. The jet particles are initially accelerated during 

the linear stage of growing plasma instabilities, which are the Weibel instability (WI), kinetic Kelvin–Helmholtz instability 

(kKHI), and mushroom instability (MI). In the non-linear stage, these instabilities are dissipated and generate turbulent magnetic 
fields, which accelerate particles further. We calculate the synthetic spectra by tracing a large number of jet electrons in the 
non-linear stage, near the jet head where the magnetic fields are turbulent. Our results show the basic properties of jitter-like 
radiation emitted by relativistic electrons when they travel through a magnetized plasma with the plasma waves driven by kinetic 
instabilities (WI, kKHI, and MI) growing into the non-linear regime. At low frequencies, the slope of the spectrum is ∼ 0 . 94, 
which is similar to that of the jitter radiation, rather than that of the classical synchrotron radiation, which is ∼ 1 / 3. Although we 
start with a weak magnetized plasma, the plasma magnetization increases locally in regions where the magnetic field becomes 
stronger due to kinetic instabilities. The results of this study may be rele v ant for probing photon emission from low energies up 

to, at least, low energies in the X-ray domain in active galactic nucleus/blazar and gamma-ray burst jets, as the peak frequency 

of synthetic spectra increases as the Lorentz factor of the jet increases from 15 to 100. 

Key words: acceleration of particles – instabilities – plasmas – radiation mechanisms: non-thermal – galaxies: jets. 
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 I N T RO D U C T I O N  

elativistic jets are observed across the entire electromagnetic 
pectrum in a variety of astrophysical systems, such as active galactic 
uclei (AGNs; e.g. Blandford, Meier & Readhead 2019 ), gamma- 
ay bursts (GRBs), and some black hole X-ray binaries (e.g. Saikia 
t al. 2019 ), being launched from compact objects (black holes or
eutron stars) typically surrounded by accretion discs. They are 
ell-collimated outflows of plasma and fields, propagating with 
elocities close to the speed of light (e.g. Lister et al. 2009 ).
ence, relativistic jets are supersonic, producing shocks that lead 
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o a turbulent magnetic field, which can play an important role in
ccelerating jet particles (e.g. Nishikawa et al. 2021 ). They are also
ubject to kinetic instabilities driven by currents and shears (e.g. 
ishikawa et al. 2009b ) and to magnetic reconnection (e.g. Alves

t al. 2012 ; Meli et al. 2023 ), in three-dimensional particle-in-cell
PIC) simulations, as well as in current sheets developed within 
urbulent 3D magnetohydrodynamic (MHD) flows (e.g. Kowal, de 
ouveia Dal Pino & Lazarian 2012 ; de Gouveia Dal Pino & Kowal
015 ; Beresnyak & Li 2016 ; del Valle, de Gouveia Dal Pino &
owal 2016 ) and in instability-driven turbulent relativistic MHD jets 

e.g. Davelaar et al. 2020 ; Medina-Torrej ́on et al. 2021 ; Medina-
orrej ́on, de Gouveia Dal Pino & Kowal 2023 ). Although MHD-PIC
imulations (e.g. Medina-Torrej ́on et al. 2023 ) can complement PIC
imulations, such simulations cannot explore particle interactions 
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ith self-generated electromagnetic fields, nor include kinetic in-
tabilities. PIC simulations self-consistently solve plasma dynamics,
ut they are inherently limited by the size and resolution of the
lasma system. These PIC simulations are complementary to MHD
imulations. 

From radio to optical and ultraviolet bands, for many AGN jets,
he observ ed power-la w spectra typically correspond to synchrotron
mission, which arises from the acceleration of non-thermal energy
istributions of particles (electrons/positrons) in a largely ordered
agnetic field. Similarly, many GRB afterglows are described

easonably well by synchrotron emission from a highly relativistic
tructured jet (e.g. Ghirlanda et al. 2019 ). Medvedev & Loeb ( 1999 )
nd Medvedev ( 2000 ) have proposed an alternative interpretation of
he emission in GRB internal and external shocks (afterglow) from
elativistic electrons travelling through highly non-uniform small-
cale magnetic fields via the jitter radiation, the spectral power of
hich scales as P ( ω) ∝ ω 

1 , at low frequencies. 
Numerical simulations play a crucial role in the understanding

f relativistic jets, including their emission. To provide a better
escription of the emission from jets, we need to calculate spectra
y tracing jet electrons in the time-varying electric and magnetic
elds self-consistently, where the magnetic fields and the accelerated
articles are produced as part of the plasma evolution. PIC methods,
ith their associated kinetic plasma shocks and instabilities, can self-

onsistently explain the generation and amplification of magnetic
elds, particle acceleration, and emission of radiation in jet plasma
Hededal 2005 ). (Here, and throughout this paper, we refer to PIC
ethods or simulations as being collisionless .) In PIC simulations

ndividual particles can be followed in their self-generated elec-
romagnetic environment, allowing a better understanding of the
tatistical properties of wave–particle interactions, where the non-
inear feedback of the scattering processes can be included (Pohl,
oshino & Niemiec 2020 ). Since the plasma density in astrophysical

ets is very low, i.e. the distance between the particles is larger
han the mean-free path of the particles, we use collisionless PIC

ethods, where the particles interact with the electromagnetic fields
reated by the particles themselves through kinetic plasma shocks,
nstabilities, or magnetic reconnection (e.g. Nishikawa et al. 2014 ;

eli et al. 2023 ). To justify our approach of using PIC methods
o describe relativistic jets associated with AGN and GRBs, we
rovide an estimation for the ratio of the collision frequency to the
yrofrequency, in Section 2 . 
Synthetic spectra can be determined by integrating the expression

f the radiated po wer, deri ved from the Li ́enard–Wiechart potentials
Jackson 1999 ) for a large number of representative particles in the
IC representation of the plasma (see equation 3 ), e.g. (i) using a

est particle approach with a prescribed turbulent magnetic field (as
ed, white, and blue noises) (Hededal 2005 ) and (ii) injecting two
est jet electrons with different perpendicular velocities in a parallel
agnetic field (Nishikawa et al. 2008 , 2009b ). 
In the simulations performed by Sironi & Spitko vsk y ( 2009 ),

 shock is generated by the interaction between a plasma stream
eflected from a wall and an incoming plasma stream. The spectra
ave been obtained from particles accelerated in the shock using
lectromagnetic fields created near the shock. 

On the one hand, non-thermal radiation spectra in self-consistent
imulations can be obtained by directly tracing particles from simula-
ions, as in PIC calculations, without making assumptions about the
agnetic field, particle orbit, or other factors while simultaneously

olving Maxwell equations. Such self-consistent calculations were
erformed, by e.g. Frederiksen et al. ( 2010 ) for counter-streaming
ows and (Nishikawa et al. 2011 , 2012 , 2013b ) by injecting jets
NRAS 540, 1043–1054 (2025) 
nto an ambient medium using a slab model. On the other hand,
hile MHD is a widely used method for describing the plasma in

elativistic jets, the method cannot perform calculations of radiation
pectra by tracing individual particles as the PIC method does. For
alculating non-thermal radiation, MHD simulations usually employ
ay tracing as a numerical approach. Nevertheless, non-thermal
article acceleration has been demonstrated in MHD simulations.
 or instance, particles hav e been injected into sev eral snapshots of a
D Poynting-flux-dominated MHD jet with moderate magnetization
 σ ∼ 1), where current-driven kink instability induces turbulence
nd rapid magnetic reconnection (Medina-Torrej ́on et al. 2021 ).
e note that in such simulations the particles are accelerated by

lectromagnetic fields generated by MHD, but the kinetic effects
re not modelled. Ho we v er, the y can ef fecti v ely pro vide the length-
cale of the jet, comparable to that of an AGN, owing to the
cale-free nature of the MHD method. In contrast, PIC simula-
ions are constrained to smaller scales, where the length-scale for
he propagation of low-frequency electromagnetic radiation in a
ollisionless plasma is determined by the plasma skin depth (e.g.
acDonald & Nishikawa 2021 ). To reach the length-scale of an

strophysical jet, PIC simulations must employ exceptionally large
imulation grids, which are very challenging to achieve due to
he substantial computational resources required. Moreo v er, using
 hybrid approach, Medina-Torrej ́on et al. ( 2023 ) explore particle
cceleration in turbulent MHD relativistic jets transitioning from
mall to large scales using 3D MHD-PIC simulations and find similar
esults as in the earlier work of Medina-Torrej ́on et al. ( 2021 ). In both

HD and PIC simulations growing instabilities are present, followed
y turbulence and magnetic reconnection; ho we ver, fully kinetic PIC
imulations resolve the microscopic plasma dynamics in great detail.
e emphasize that while the instabilities initiating turbulence differ,

he resulting acceleration mechanisms share common characteristics,
ith the primary distinction being the scale at which they are resolved

see also de Gouveia Dal Pino & Medina-Torrej ́on 2024 ). 
To provide a more accurate description of PIC plasma jets,

njection of a cylindrical plasma jet into an ambient medium is
ore suitable than using a slab model, since for a simulated jet
ith a cylindrical geometry the velocity-shear instabilities arise more
aturally at the interface between the jet and the ambient plasma.
he generation of magnetic fields associated with the velocity
hear between an unmagnetized relativistic jet and an unmagnetized
heath plasma via kinetic Kelvin–Helmholtz instability (kKHI) and
ushroom instability (MI) has previously been studied using a slab
odel (e.g. Alves et al. 2012 ; Nishikawa et al. 2013a , 2014 ). 
Moreo v er, including an initial helical or toroidal magnetic field

n the simulated plasma is important as resolved highly collimated
elativistic jets exhibit twisted time-dependent structures as indicated
y observations (e.g. Lobanov & Zensus 2001 ; Pasetto et al. 2021 ). 
Therefore, Meli et al. ( 2023 ) have performed PIC simulations

or cylindrical relativistic plasma jets containing an initial toroidal
agnetic field injected into an ambient plasma at rest with a large

imulation grid. They have investigated the growth of WI, kKHI, and
I, simultaneously in the jet plasma deep into the non-linear regime,

s well as possible magnetic reconnection sites. 
In this paper, we self-consistently calculate synthetic spectra from

lectrons accelerated in a cylindrical relativistic jet containing an
nitial toroidal magnetic field injected into an ambient plasma at
est, starting from the PIC plasma simulation code of Meli et al.
 2023 ), where we add subroutines for calculation of radiation. In our
imulations, the jet plasma is initially kinetically dominated, with a
agnetization parameter σ < 10 −2 , and with values that increase due

o growing kinetic instabilities during the simulations. Here, we use
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i) two different particle species for the jet plasma: electron–positron 
e ±) and electron-ion (e −- i + ), (ii) two values for the Lorentz factor
f the jet, � = 15 and � = 100, (iii) two values for the strength of the
mplitude of the initially applied toroidal magnetic field, B 0 = 0 . 1
nd B 0 = 0 . 5, and (iv) two emission directions, head-on and 5 ◦-off.
ext, we study the kinetic effects (in the presence of WI, kKHI,

nd MI) on the generated magnetic field, and consequently on the 
mission. 

The paper is organized as follows. In Section 2 , we briefly describe
ur simulation set-up and methods. In Section 3 , we present how the
lobal system evolution and electron acceleration occur (Section 3.1 ), 
he analysis of turbulence via the fast Fourier transform (FFT) 
Section 3.2 ), and the results on synthetic spectra obtained from PIC
imulations for various parameters of the jet plasma (Section 3.3 ). We
lso discuss their importance for understanding emission of radiation 
rom AGNs and GRB jets. Here, the jitter-like spectra are obtained 
y tracing jet electrons in the non-linear region where turbulent 
agnetic fields are generated by dissipated kinetic instabilities, 
hich are similar to observed spectra by Fermi (e.g. Abdo et al.
009 ). Discussions and conclusions follow in Section 4 . 

 SIMULATION  SET-UP  A N D  M E T H O D S  

e use TRISTAN-MPI, a highly parallelized 3D-relativistic PIC 

imulation code developed by Niemiec et al. ( 2008 ) and Nishikawa
t al. ( 2009a , 2014 , 2016a , 2016b ), which is based on the impro v ed
ersions of TRISTAN (Buneman 1993 ) presented in Nishikawa et al. 
 2003 , 2005 ). The code uses a second-order finite difference scheme
o advance the equations in time and to calculate spatial deri v ati ves.
he electric and magnetic fields are stored on a 3D Yee mesh
nd an interpolation function is used to interpolate the electric and 
agnetic fields at the particle positions. These (computational or 
acro) particles model a large number of real particles through the 

pecific distribution of their charge o v er the grid cell(s). Here, we
se a triangular-shape-cloud approximation, where the shape factor 
etermines the fractions of particle charge deposited at given grid 
oints. (see Nishikawa et al. 2021 for examples of particle shape 
actors). The electromagnetic fields are then used to advance the 
article velocity under the action of the Lorentz’s force [using the 
oris’ algorithm (Boris 1970 )] and the currents are collected. The 
ode has been adapted for injecting a cylindrical relativistic plasma 
et containing an initial toroidal magnetic field into an ambient plasma 
t rest by Meli et al. ( 2023 ). 

We perform simulations with a grid size of ( L x , L y , L z ) =
1285 �, 789 �, 789 � ), where � is the size of the grid cell. The
ize of the numerical grid is large enough to allow for growing
nstabilities into the non-linear regime. A plasma jet, having a bulk 
orentz factor of �, is injected in the middle of the y − z plane,
 y jc , z jc ) = (381 �, 381 � ), at x = 100 � in order to a v oid boundary
ffects. The jet radius is r jt = 100 � , 10 times larger than the electron
kin depth ( λe = c/ω pe = 10 � ), where c is the speed of light. To
ncrease the numerical stability, we used a time-step �t = 0 . 1 ω 

−1 
pe ,

here ω pe is the electron plasma frequency. Some other plasma 
arameters used in the simulations are the Debye length, λD = 0 . 5 � ,
he number density of particles of each species per cell for jet, n jt = 8,
nd for ambient, n am 

= 12 (these numbers correspond to billions of
acroparticles injected in the simulation grid), the thermal velocity 

f electrons in the jet, v jt, th , e = 0 . 00014 c, and the thermal velocity
f electrons in the ambient, v amb , th , e = 0 . 05 c. The thermal velocity
f the ions is smaller than one of the electrons by a factor ( m i /m e ) 1 / 2 ,
here m i is the rest mass of the ion and m e is the rest mass of the
lectron. This simulation set-up is similar to that in the work by Meli
t al. ( 2023 ). 

Similar to equations (26)–(29) in Hirotani et al. ( 2021 ), the
ollision frequency is νC = n e σC v e ∼ ( πn e e 

4 ) / ( γ 2 m 

2 
e c 

3 ), where
 e is the electron concentration, σC is the Coulomb cross- 
ection, v e is the jet electron velocity, e and m e denote, re-
pectively, the charge and the mass of the electrons within 
he plasma, and γ is the electron Lorentz factor. On the 
ther hand, the gyrofrequency is given by νB = ( e B) / (2 πγm e c ).
hus, the ratio of the collision frequency to the gyrofrequency 
ecomes νC /νB ∼ (2 π2 e 3 ) / ( m e c 

2 ) · γ −1 · ( n e / cm 

−3 ) · ( B/ 1G) −1 ∼
 . 7 × 10 −22 · γ −1 · (n e / cm 

−3 ) · (B / Gauss ) −1 . Taking γ = 15, n e ∼
0 4 cm 

−3 (see the discussions in Section 4 ), and B ∼ 1 mG, we obtain
C /νB ∼ 10 −16 . We conclude that it is reasonable to neglect Coulomb
ollisions between particles, and that the plasma in an AGN-like jet
s to be regarded as collisionless with anomalous resistivity, and 
orrespondingly it can be treated with PIC method. 

Here, we use two types of plasma composition for the jet and
he ambient medium: (i) an electron–positron (e ±) plasma and (ii)
n electron-ion (e −- i + ) plasma (with the mass ratio m i /m e = 4;
ote that we have chosen this low mass ratio for ions and electrons
o ensure numerical stability for compositions different than the 
lectron–positron plasma). In PIC simulations of relativistic plasma, 
here is a common practice to use a reduced mass ratio, e.g.
 i /m e = 16, to enhance computational efficiency and numerical 

tability (e.g. Chad & B ̈ottcher 2024 ). To a v oid the abnormal growth
f MI, we have chosen m i /m e = 4, where the ion can be regarded as
 heavier positron (see Meli et al. 2023 ). Using such a reduced mass
or the ions results in small differences in jet particle acceleration and
n the slopes of radiation spectra at low frequencies (see Table 1 ), in
he two cases of plasma compositions. 

PIC simulations of magnetized plasma jets with a helical magnetic 
eld have been initially performed by Nishikawa et al. ( 2016b ), where 

he equations for the helical field have been adapted from the work by
izuno et al. ( 2015 ). In Cartesian coordinates, the helical magnetic

eld has the components 

 x = 

B 0 

[1 + ( r/a) 2 ] 
, B φ = 

( r/a) B 0 

[1 + ( r/a) 2 ] 
. (1) 

In this work, we include only the toroidal component, B φ , of the
elical field structure in equation ( 1 ) (the poloidal component is not
ncluded), as in the work by Meli et al. ( 2023 ). The components of
he toroidal magnetic field that is created by a current + J x ( y, z) in
he positive x-direction are 

 y ( y, z) = 

(( z − z jc ) /a) B 0 

[1 + ( r/a) 2 ] 
, 

B z ( y, z) = − (( y − y jc ) /a) B 0 

[1 + ( r/a) 2 ] 
. (2) 

n equations ( 1 ) and ( 2 ), B 0 is the amplitude of the initial magnetic
eld, a is the characteristic length-scale of the toroidal magnetic 
eld, ( y jc , z jc ) represent the coordinates of the jet centre, and
 = [( y − y jc ) 2 + ( z − z jc ) 2 ] 1 / 2 . The characteristic radius is here set
o a = r jt / 4 = 50 � . For more details on the set-up of the PIC plasma
imulations, see Meli et al. ( 2023 ). Similar to Meli et al. ( 2023 ),
e have chosen a top-hat density profile for the jet particles to

nvestigate kKHI and MI. Even though this geometry might not 
e in accordance with real jets, the following step in our future work
s to use a jet with a Gaussian density profile to reduce the growth
f kKHI and MI. In this case, the kinetic kink instability might
row as in Cerutti & Giacinti ( 2023 ), which is described in Meli
t al. ( 2023 ). Furthermore, comparisons of such kinetic simulation
MNRAS 540, 1043–1054 (2025) 
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Figure 1. x–γ v x distribution of jet (red) and ambient (blue) electrons for 
an e ± jet (left panels) and for an e −- i + jet (right panels) with B 0 = 0 . 5, at 
t = 725 ω 

−1 
pe . The upper panels correspond to jets with a jet Lorentz factor of 

� = 15, while the lower panels are for jets with � = 100. 

Figure 2. x–γ v x distribution of jet (red) and ambient (blue) electrons for 
an e ± jet (left panels) and for an e −- i + jet (right panels) with B 0 = 0 . 1, at 
t = 725 ω 

−1 
pe . The upper panels correspond to jets with a bulk Lorentz factor 

of � = 15, while the lower panels are for jets with � = 100. 
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esults with those from MHD simulations could also be beneficial, as
ink or any instability able to trigger magnetic turbulence can drive
ast reconnection, as predicted in the Lazarian–Vishniac theory (e.g.
icentin et al. 2024 ), and observed in 3D MHD/PIC simulations of

elativistic jets (e.g. Singh, Mizuno & de Gouveia Dal Pino 2016 ;
avelaar et al. 2020 ; Medina-Torrej ́on et al. 2021 , 2023 ). 
Next, we add to the calculations of the PIC plasma code – with

hich we obtain physical plasma data as in Meli et al. ( 2023 ) –
ew subroutines for calculating the spectra of radiation emitted
y the electrons in a jet containing an initial toroidal magnetic
eld, where we follow the algorithm developed by Hededal ( 2005 )
nd Nishikawa et al. ( 2011 ) of calculating the retarded potentials
Rybicki & Lightman 1979 ; Jackson 1999 ; Hededal 2005 ). 

Let us consider a particle located at position r 0 ( t), at time t . At the
ame time, we observe the electric field from the particle at position
 . Ho we ver, because of the finite velocity of light, we observe the
article at an earlier position r 0 ( t 

′ 
) where it was at the retarded time

 

′ = t − δt 
′ = t − R ( t 

′ 
) /c. Here, R ( t 

′ 
) = | r − r 0 ( t 

′ 
) | is the distance

rom the charge (at the retarded time t 
′ 
) to the observer (at time t).

fter some simplified calculations, the total energy W radiated per
nit solid angle per unit frequency from a charged particle moving
ith instantaneous velocity β and acceleration β̇ can be expressed

s 

d 2 W 

d �d ω 

= 

μ0 cq 
2 

16 π3 

∣∣∣∣
∫ ∞ 

−∞ 

n × [( n − β) × β̇] 

(1 − β · n ) 2 
e 

iω( t 
′ −n ·r 0 ( t 

′ 
) 

c d t 
′ 
∣∣∣∣

2 

. (3) 

ere, n ≡ R ( t 
′ 
) / | R ( t 

′ 
) | is a unit vector that points from the retarded

osition of the particle towards the observer and q is the unit charge.
he deri v ation of the spectral distribution of synchrotron radiation
ith the full angular dependency can be found in Hededal ( 2005 ),

ppendix C. 
In the calculations presented in the next section, we parametrized

he initial toroidal magnetic field (equation 2 ) through its initial
mplitude B 0 , using two values: one for a moderate magnetic field
trength, B 0 = 0 . 5, as in the work by Meli et al. ( 2023 ), and the other
ne for a weaker magnetic field strength, B 0 = 0 . 1. These two values
f the amplitude of the initial toroidal field, B 0 = 0 . 5 and B 0 = 0 . 1,
orrespond to plasma magnetization, in the observer frame, σ =
 

2 
0 / ( n e m e �c 2 ) of ∼ 6 . 92 × 10 −4 and ∼ 1 . 73 × 10 −2 , respectively,

n the case of a � = 15 jet. For a � = 100 jet, the corresponding
alues of magnetizations are ∼ 2 . 6 × 10 −1 and ∼ 1 . 3 × 10 −4 . (The
agnetization parameters are calculated in simulation units). The
agnetization parameter of the plasma varies along the jet, increasing

ocally in regions where the magnetic field becomes stronger due to
inetic instabilities. 
For each of them, we calculate spectra from electrons accelerated

n a relativistic plasma jet that propagates with a bulk Lorentz factor
f � = 15 (which is typical for a jet in AGNs) and of � = 100
which is typical for a GRB jet). The quantity � denotes the product
� 0 , with β = v/c and � 0 = (1 − β2 ) −1 / 2 , the jet Lorentz factor,
here v is the jet velocity and c is the speed of light. There is a

ommon practice to denote � as the (bulk) Lorentz factor of the jet
nstead of � 0 . In addition, for each of these set-ups of the jet Lorentz
actor, we consider the two species for the jet plasma: e ± and e −-
 

+ (with m i /m e = 4), respectively. We note that for each specific
et-up, the jet plasma and the ambient plasma have the same kind of
omposition, either e ± or e −- i + . (Different plasma compositions for
he jet and for the ambient, in one particular set-up, should be used
n further work.) Therefore, we obtain eight sets of radiation spectra.
urthermore, each set of radiation spectra is composed of two parts:
ne for a head-on ( θ = 0 ◦) emission of radiation and the other one
NRAS 540, 1043–1054 (2025) 
or a 5 ◦-off axis emission of radiation (here, θ is the angle between
he axis of the jet and the observer’s line of sight). 

 RESULTS  A N D  I NTERPRETATI ON  

n this section, we study the spectra from a top-hat non-thermal dis-
ribution of particles moving in the electromagnetic fields modified
y kinetic instabilities in the presence of an initial toroidal mag-
etic field. Before determining the radiation spectra (Section 3.3 ),
e present the global system evolution and electron acceleration

Section 3.1 ) and perform an analysis of turbulence (Section 3.2 ). 

.1 Global system evolution and electron acceleration 

he x–γ v x distribution of the jet (red) and ambient (blue) electrons
re shown for B 0 = 0 . 5 (in Fig. 1 ) and for B 0 = 0 . 1 (in Fig. 2 ) for
n e ± and for an e −- i + jet (right panels) with initial jet Lorentz
actors of � = 15 and � = 100. Although we do not calculate the
pectra produced by the ambient electrons, we include here their
hase-space ( x–γ v x ) representation just for comparison with the
hase-space distribution of the electrons accelerated in the jet. 
For a plasma jet with initial � = 15, Figs 1 (a and b) and 2 (a and

) show that the jet electrons (in red) are accelerated in bunches
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y growing instabilities; hence their momenta along the x-direction 
each high values, where γ v x doubles its value from γ v x ∼ 15 at
njection, up to γ v x ∼ 35. In contrast, for a plasma jet with initial
 = 100, the initial momentum of the jet electrons increases only by
aximally 50 per cent (Figs 1 c and d and 2 c and d). 
In PIC simulations we can distinguish between the jet and the 

mbient particles; ho we ver, physically these two populations of 
articles can mix through interactions. The ambient electrons in or 
ear the jet are accelerated through kinetic instabilities, and they can 
e identified by the spikes in the x − γ v x distribution, in blue colour,
n Figs 1 (a and b) and 2 (a and b), whereas the ambient electrons
utside the jet are not accelerated. 
In Fig. 2 , both the difference in the strength of the amplitude of the

pplied toroidal magnetic field by a factor of 5 and the ion-to-electron
ass ratio of 4 have a weak impact on the x − γ v x distribution of

he jet electrons, i.e. on acceleration of jet electrons. Nevertheless, 
ome differences in the slopes of the spectra can be seen in Table 1 .
n the case of a jet with � = 100, the peak intensity of the radiation
ncreases by one order of magnitude as the strength of the amplitude
f the initial toroidal magnetic field increases by a factor of 5. 
The role of kinetic instabilities on particle acceleration is thor- 

ughly described in Meli et al. ( 2023 ). In the linear regime of
he plasma, the WI grows first, then kKHI and MI grow until
he MI becomes dominant o v er the kKHI. In this paper, we show
he evolution of the plasma at the non-linear stage (simulation 
ime t = 725 ω 

−1 
pe ), where the jet particles are accelerated possibly

ue to reconnection (as observed in Meli et al. 2023 ).The quasi-
tationary parallel electric field mentioned here primarily refers to 
he acceleration occurring in region (b) of Fig. 5 , following the non-
inear and turbulent phases. After the end of the non-linear stage, a
uasi-stationary parallel electric field accelerates jet electrons further 
see Meli et al. 2023 ). We emphasize that multiple mechanisms, 
ncluding reconnection-driven and Fermi-like processes, may be at 
lay, with their relative importance requiring further investigation. 
In Fig. 3 (a), around x ∼ 400 � , we observe that the growth of
I 1 is stronger, which in the x − z plane can be seen as two pairs

f layers, with opposite polarity of the magnetic field (these layers 
re actually the projection onto the x − z plane of the circularly
lockwise – as seen from the head of the jet – B φ component of
he magnetic field generated by the MI). At about x ∼ 500 � , the

agnetic field generated by MI is modulated by the kKHI, which 
ater on dominates o v er the MI (as its growth time is longer than
hat of MI). Then, the non-linear regime of plasma instabilities is
eached, and the magnetic fields starts to dissipate. This is the stage
f the plasma magnetic field when we begin to select jet electrons to
alculate spectra. In Fig. 3 (b), the instabilities grow in a similar way
s in the case in Fig. 3 (a), except that the kKHI is more visible. 

For a weaker amplitude of the initial toroidal magnetic field (i) in
igs 4 (a, c, and d) the dominant growing mode of kinetic instabilities

s the WI, depicted as oblate stripes, which is different from the cases
n Figs 3 (a, c, and d), where the modes of MI and kKHI are dominant
nd (ii) in Fig. 4 (b), the kKHI and MI are more visible than in
igs 4 (a, c, and d). 
In Fig. 5 , which is the same as plot Fig. 3 (b), but with the use of

he sign-preserving logarithmic colour scaling for B y , we separate 
ifferent regimes based on the structures of the observ ed wav e modes, 
hat is, region (a) represents the non-linear stage, region (b) represents
he turbulent plasma stage, and region (c) is behind the jet head
 From the time evolution of the magnetic field provided by the supplemental 
aterial in Meli et al. ( 2023 ), one can see that the MI dominates o v er the WI. 

o  

m
 

λ  
ontaining wav e v ectors that are perpendicular to the jet direction (see
ig. 6 c). To the left of the region (a), the linear growth of instabilities

akes place. The striping structures in region (c) are formed by a
ouble layer plasma, and they are associated with an ambipolar 
lectrostatic field (Ardaneh, Cai & Nishikawa 2016 ). Based on Fig. 5 ,
ue to the saturation of the non-linear regime, a turbulent magnetic
eld is generated, the size of which is one-fourth to one-third of the

et radius. 

.2 Analysis of turbulence 

e use the FFT to convert the amplitude of the B y wave components
f the magnetic field shown in Fig. 3 (b) from the spatial domain to
he wav e v ector domain, in order to estimate the characteristic length-
cale of the turbulence. Fig. 5 represents the same distribution of B y 

s in Fig. 3 (b), but plotted in logarithmic colour scale, in order to
esolve weaker field amplitudes together with stronger ones. Such an 
pproach helps us to make the proper selection of the space regions
or FFT analysis. These regions are marked in Fig. 5 with white
ectangles: (a) for x ∈ [400 − 600] � , (b) for x ∈ [600 − 750] � ,
nd (c) for x ∈ [780 − 820] � . The selection has been made in a
ay to a v oid the mixture of different waves in the same region, to
ake the FFT plots cleaner and easier for interpretation. 
In Fig. 6 we show the power spectra of the waves excited by kinetic

lasma instabilities, computed for the regions (a), (b), and (c) marked
n Fig. 5 . These spectra are plotted in logarithmic colour scale, in
he ( k x , k z ) wave vector space, where the wave vector is defined as
 

	 k | ≡ 2 π/λ. 
Region (a) . The strongest modes observed in Fig. 6 (a) are

erpendicular to the jet axis ( k x � = 0) and have two maxima
t k z � = 0 . 025 ± 0 . 007 and k z � = 0 . 075 ± 0 . 007. The corre-
ponding wavelengths λ = (250 ± 70) � and λ = (84 ± 8) � are
elated rather to the global radial structure of the jet than to the
urbulence. At the same time, there is a weaker oblique mode at
 k x , k z ) � = (0 . 095 ± 0 . 009 , 0 . 100 ± 0 . 007), with corresponding
avelength λobl = 2 π/ 

√ 

k 2 x + k 2 z = (45 ± 4) � and relative wave
ower P w ≈ 0 . 007. The later is associated with turbulent structure
n this region with obliquity θ ≈ 45 ◦. 

Region (b) . This region is evidently most turbulent among all
elected (see Fig. 5 ). Correspondingly, a mixture of various wave
odes in this region is observed in the FFT plot in Fig. 6 (b). The

ominating modes are two perpendicular with k z � = 0 . 028 ± 0 . 007
nd k z � = 0 . 080 ± 0 . 007, as well as one oblique with ( k x , k z ) � =
0 . 085 ± 0 . 012 , 0 . 082 ± 0 . 007). The corresponding wavelengths
re λ = (250 ± 70) � , λ = (79 ± 7) � , and λ = (53 ± 6) � , in the
ame sequence. The first one, like in the case of region (a), reflects
he global system symmetry and it is not related to the turbulence.

eanwhile, two other with λ⊥ 

≈ 79 � and λobl ≈ 53 � ( θ ≈ 45 ◦)
re obviously related to the strong magnetic turbulence observed in 
his region and have comparable wave power P w ≈ 0 . 015. 

Region (c) is relatively thin and corresponds to the front of the jet.
ecause of its small thickness, only the perpendicular modes can be
istinguished here with FFT. The striping structures in this region 
re formed by a double layer plasma, and they are associated with
n ambipolar electrostatic field (Ardaneh et al. 2016 ). In Fig. 6 (c)
hese modes are presented with a set of maxima at k x � = 0. The
trongest one has k z � = 0 . 26 ± 0 . 01 corresponding to a wavelength
f λ⊥ 

= (24 ± 1) � with relativ e wav e power P w ≈ 0 . 014. Other
axima are several times weaker. 
We note that in our simulations, the electron skin depth is

e = 10 � , therefore the wavelength of the strongest wave mode
MNRAS 540, 1043–1054 (2025) 
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Figure 3. Distribution of the magnetic field in the x − z plane of the simulation box, given for the case with B 0 = 0 . 5, at t = 725 ω 

−1 
pe . The left panels (a, c) 

are for an e ± jet, the right panels (b, d) are for an e − - i + jet. The upper panels (a, b) correspond to jets with a bulk Lorentz factor of � = 15, the lower panels (c, 
d) are for jets with � = 100. The out-of-plain B y component is shown with colour maps, the in-plain field combined of B x and B z components is shown with 
arrows. The maximum and minimum of B xz are (a): ±3 . 916, (b): ±4 . 140, (c): ±1 . 231, and (d): ±0 . 5997. 

Figure 4. Distribution of the magnetic field in the x − z plane of the simulation box, given for the case with B 0 = 0 . 1, at t = 725 ω 

−1 
pe . The left panels (a, c) 

are for an e ± jet, the right panels (b, d) are for an e − - i + jet. The upper panels (a, b) correspond to jets with a bulk Lorentz factor of � = 15, the lower panels (c, 
d) are for jets with � = 100. The out-of-plain B y component is shown with colour maps, the in-plain field combined of B x and B z components is shown with 
arrows. The maximum and minimum of B xz are (a): ±2 . 127, (b): ±2 . 178, (c): ±0 . 7419, and (d): ±0 . 2853. 

Figure 5. The same plot as Fig. 3 (b), but with use of the sign- 
preserving logarithmic colour scaling for B y . We plot sgn ( B y ) · { 2 + 

log [ max ( | B y | /B 0 , 10 −2 )] } . The level of ‘0’ on the colour scale hence 
corresponds to | B| /B 0 ≤ 10 −2 . The regions (a), (b), and (c) marked with 
white rectangles were used for FFT plots presented in Fig. 6 . 
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ecomes λ⊥ 

= (2 . 4 ± 0 . 1) λe . For comparison, in the theory of the
itter radiation (e.g. Medvedev & Loeb 1999 ; Medvedev 2000 ), the
haracteristic coherence scale of the generated magnetic field by the
elativistic generalization of the two-stream WI in an electron-ion
NRAS 540, 1043–1054 (2025) 
lasma is of the order of the relativistic skin depth, ∼ λe . Further-
ore, the front region where x ∈ [600 − 800] � might correspond

o the jet region from where we trace the electrons for calculating
he spectra of jitter-like radiation (see the next section). 

.3 Synthetic spectra calculation 

e note that t = 700 ω 

−1 
pe represents a time in the simulation well

nto the non-linear regime of the developing instabilities (see Meli
t al. 2023 ). By this simulation time, the head of the jet has reached
 = 800 � . 
To obtain a radiation spectrum from PIC simulations at a given

ime t , we have to trace the jet electrons over a time interval around t 
ith a high temporal resolution �t s . It is near to impossible to trace all

et electrons and therefore we select (or sample) a feasible number
f electrons, maximum 8000 (see more details a few paragraphs
elow). Once the positions, velocities, and accelerations of the jet
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Figure 6. FFT-images of the magnetic field distribution ( B y component) shown in Fig. 3 (b) for the e −- i + jet with � = 15 and B 0 = 0 . 5. The panels represent 
three regions: (a) x ∈ [400 − 600] � , (b) x ∈ [600 − 750] � , and (c) x ∈ [780 − 820] � , which are also marked with white rectangles in Fig. 5 . The colour scale 
is logarithmic and normalized to the maximum wave power, so that numbers at the colour bar mean log (P w / P w max ). Corresponding values of P w max are given 
in right upper corners. P 

∗
w max = 0 . 007 in panel (a) corresponds to the local maximum at ( k x , k z ) � ≈ (0 . 095 , 0 . 1). These FFT-images are used for estimating 

the characteristic length-scale of the turbulence in the jet plasma. 

Figure 7. Schematic representation of the frontal jet volume, from where the 
electrons are selected when performing calculations of the radiation spectra. 
During the spectra calculations, the jet head mo v es 25 grid cells, from x = 

800 � to x = 825 � . We trace jet electrons that have a Lorentz factor of 
γ > 12 and γ > 80 for a plasma jet moving with a bulk Lorentz factor of 
� = 15 and � = 100, respectively. 
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lectrons are sampled, the radiation spectra can be computed using 
quation ( 3 ). 

We randomly select jet electrons from a region situated behind the 
et head, as indicated by the small stars in Fig. 7 , to calculate the
esulting spectra. Throughout this section, we refer to the selected 
ample of jet electrons as jet electrons when we mention synthetic 
pectra calculations. During the spectra calculations, the jet head 
o v es 25 grid cells, from x = 800 � to x = 825 � . We note that the

et particles are accelerated by the quasi-stationary parallel electric 
eld generated due to the growing kKHI and MI, as described in
eli et al. ( 2023 ) (see figs 10c and d in Meli et al. 2023 ). Behind

he jet head, some of the jet electrons are additionally accelerated 
y a quasi-stationary parallel electric field. It may be possible 
hat the acceleration mechanism in the region where turbulence 
riven by kinetic instabilities dominates and reconnection layers 
ay be present to be similar to the turbulence-induced reconnection 

cceleration described in the MHD studies (e.g. Kowal et al. 2012 ;
el Valle et al. 2016 ; Medina-Torrej ́on et al. 2021 , 2023 ; de Gouveia
al Pino & Medina-Torrej ́on 2024 ). Ho we ver, a more detailed
uantitative analysis, including the computation of the acceleration 
ate and the properties of the reconnection layers driven by the 
nstabilities and turbulence, is subject of future work to enable more 
recise comparisons with the MHD simulations. 
Depending on the set-up of the plasma species (e ± or e −- i + )

n the jet, we select electrons with a Lorentz factor γ > 12 for
 jet with � = 15 and with γ > 80 for a jet with � = 100, and
tarting from t � 700 ω 

−1 
pe we trace them for 5000 steps with a

ime-step �t s = 0 . 005 ω 

−1 
pe , thus the jet head mo v es o v er 25 grid

ells, within a time interval of t s = 25 ω 

−1 
pe . This time-step used

or calculating spectra is 200 times smaller than that utilized in
he case of the main PIC plasma simulations, �t = 0 . 1 ω 

−1 
pe , as

t is also set in the simulations performed by Meli et al. ( 2023 ).
hen tracing the particles, we iterate 10 times o v er calculating the

ositions and the velocities of the particles. The Nyquist frequency 
s at ω N = 1 / (2 ∗ 0 . 005 ∗ 0 . 1) ω pe = 10 3 ω pe , where the factor 0.1
n denominator accounts for the fact that we iterate 10 times o v er
hen calculating the positions and the velocities of the particles, 

or each time-step of the simulations while performing spectra 
alculations, which is �t s = 0 . 005 ω 

−1 
pe . The frequency resolution

s �ω = 1 /t s = 0 . 04 ω pe , which is small enough to provide smooth
pectra. 

First, we calculate the radiation spectra for an initial toroidal 
agnetic field of moderate strength, B 0 = 0 . 5 (see equations 1 –2 ),
hich corresponds to a plasma magnetization of σ = 1 . 73 × 10 −2 .
his set-up of the initial toroidal magnetic field is also the case for

he studies of plasma instabilities and particle acceleration by Meli 
t al. ( 2023 ). 

Here, we analyse the impact of the strength of the initial helical
agnetic field on the emission of radiation from the jet electrons

or the two types of plasma used to model the jet. In Fig. 8 , we
epresent the spectra of the radiated power P ( ω) = d 2 W / d �d ω as a
unction of the emitted frequencies, ω/ω pe , for a moderate, B 0 = 0 . 5,
nitial toroidal magnetic field (red lines) and for a weaker field of
 0 = 0 . 1 (orange lines), for two viewing angles: head-on emission
f jet electrons (solid lines) and for 5 ◦-off emission (dashed lines). 
For an e ± jet with � = 15 (Fig. 8 a), we cut the spectra at about

0 3 ω/ω pe , slightly beyond the Nyquist frequency. Ho we ver, in the
ase of e − − i + jets with the same � = 15 (Fig. 8 b), the spectra
how a peak in frequenc y, ev en at a higher frequency (10 4 ω/ω pe ),
he location of which depends on how the jet electrons are accelerated
y the magnetic (and electric) fields modified from their initial set-up
y kinetic instabilities. This fact is reflected through the colour maps
f B y , where in Fig. 3 (b), for B 0 = 0 . 5, the amplified magnetic field
 B 

max 
y = ±4 . 14) is stronger than for the case of B 0 = 0 . 1 ( B 

max 
y =

2 . 178 in Fig. 4 b), and therefore the jet electrons are much more
ccelerated in the former case. (We can also observe the difference in
article acceleration by comparing Fig. 1 b and Fig. 2 b.) In the linear
egime of the plasma, the electrons are instantaneously accelerated 
nd decelerated in the highly complicated electric and magnetic fields 
MNRAS 540, 1043–1054 (2025) 
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Table 1. Slopes of the spectra presented in Fig. 8 . The four values in italic are the slopes of the 
decreasing legs of the solid curves (head-on) in panels (c) and (d). 

Panel Emission B 0 = 0 . 5 (red) B 0 = 0 . 1 (orange) B 0 = 0 . 5 (blue) 

(a) e ±, � = 15 head-on (solid) 1 . 00 ± 0 . 01 0 . 95 ± 0 . 02 
5 ◦-off (dashed) 1 . 05 ± 0 . 01 0 . 93 ± 0 . 01 

(b) e −-i + , � = 15 head-on (solid) 0 . 97 ± 0 . 01 0 . 83 ± 0 . 01 0 . 84 ± 0 . 01 
5 ◦-off (dashed) 0 . 98 ± 0 . 03 0 . 77 ± 0 . 04 0 . 76 ± 0 . 01 

(c) e ±, � = 100 head-on (solid) 0 . 94 ± 0 . 003 0 . 98 ± 0 . 003 
−2 . 22 ± 0 . 1 −1 . 55 ± 0 . 08 

5 ◦-off (dashed) 0 . 84 ± 0 . 02 0 . 90 ± 0 . 01 
(d) e −-i + , � = 100 head-on (solid) 0 . 87 ± 0 . 01 0 . 91 ± 0 . 01 

−2 . 26 ± 0 . 10 −2 . 46 ± 0 . 13 
5 ◦-off (dashed) 0 . 91 ± 0 . 01 0 . 92 ± 0 . 01 

Figure 8. Synthetic spectra for e ± jets (left panels) and for e −- i + jets (right panels). The upper panels correspond to jets with a bulk Lorentz factor of � = 15 
(when selecting electrons with γ > 12, except for the blue lines), while the lower panels are for jets with � = 100 (when selecting electrons with γ > 80). The 
continuous line corresponds to the spectra for a head-on emission of jet electrons, whereas the dashed lines represent for 5 ◦-off emission of radiation. The red 
lines show the cases with a stronger amplitude of the initial toroidal magnetic field, B 0 = 0 . 5, whereas the orange lines represent the spectra for B 0 = 0 . 1. In 
panel (b), the blue lines (solid for the head-on emission and dashed for the 5 ◦-off emission) are obtained choosing jet electrons randomly, including all Lorentz 
factors. In panel (c), the slopes of the power-law segments at lower ( ∼ 0 . 94) and higher ( ∼ −2 . 2) frequency are indicated. The slopes for all spectra are listed 
in Table 1 . 
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enerated by kinetic instabilities (WI, kKHI, and MI). The WI grows
rst, then the kKHI and the MI, and later on the MI becomes dominant
 v er the kKHI. In the non-linear regime, strong electromagnetic
elds are generated that lead to particle acceleration. In the turbulent
egime, quasi-steady parallel electric fields accelerate the particles
urther, besides magnetic reconnection might play a role in particle
cceleration. Nevertheless, this mechanism of acceleration by quasi-
teady parallel electric fields will be addressed in detail in future
ork. 
We have also performed spectra calculation for positrons in

he case of an e ± plasma jet (not shown here). Their spectral
haracteristics are similar to those for radiation emitted by electrons.
herefore, a factor of 2 should be added to the emission power to
ccount for both electron and positron emission. 

For a jet with � = 100 (Figs 8 c and d), the peak frequency of
he spectra is shifted to higher frequencies ( ∼ 3 × 10 4 ω/ω pe ) than
n the cases of � = 15, for both plasma compositions. Since in
his case the bulk Lorentz factor is ∼ 6 . 7 higher, the jet electrons
NRAS 540, 1043–1054 (2025) 
re swerved, producing spectra with higher frequency beyond the
yquist frequency. We note that the emission powers for a 5 ◦ angle

dashed lines) is by two order of magnitude weaker than that for
ead-on emission, for a jet with � = 100 (Figs 8 c and d). For � = 15
Figs 8 a and b), at the two observing angles the spectra are not that
uch separated. Moreo v er, these spectra are questionable beyond

he Nyquist frequency. 
The radiation power shows similar values in both cases of e ±

nd e − − i + jets with � = 100 (Figs 8 c and d) since there is not
oo much difference between the particle species (positrons versus
ons with a mass ratio of 4). For a head-on emission from a e ± jet
ith � = 100 (red lines in Fig. 8 c), the observed difference in the

mplitude of the radiation power results from different values of the
enerated magnetic field, the maximum of which is B 

max 
y = ±1 . 231

Fig. 3 c) versus B 

max 
y = ±0 . 741 (Fig. 4 c). For a jet with � = 15,

he spectra for head-on and 5 ◦-off emission have similar powers,
ore specifically in the case for an e −- i + plasma, whereas for a

et with � = 100, the emission power is more than two orders of
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agnitude stronger for head-on emission than for 5 ◦-off emission. 
his discrepancy arises from the fact that, in the case of a jet with
 = 100, the plasma instability excited in the transversal plane of

he jet is very weak, therefore the electrons are less accelerated along
he 5 ◦-off direction and, as a consequence, the emitted power is very
eak. 
In Fig. 8 (b), we represent with blue lines the spectra for head on

solid) and 5 ◦-off (dashed) emission in the case of an e − − i + jet
ith � = 15 and B 0 = 0 . 5, when we do not impose a lower limit

or the Lorentz factor of the electrons that we trace, thus the spectra
re obtained by choosing jet electrons randomly including all values 
f their Lorentz factors. In these cases, both spectra for head-on and
 

◦-off emission present a peak, the amplitude of which is higher than
he maximum amplitude that is observed in the spectra when we 
elect electrons with γ > 12, as the number of the particles that we
race in the former case are higher than that in the latter case. 

To calculate the spectra in blue colour in Fig. 8 (b), we pick
p randomly from all jet electrons in the PIC simulation, with all
ossible values for the Lorentz factors of the electrons, only about 
000 electrons (that is because we set the number of the electrons
hat we can select from a square column, (14 × 14) � 

2 , along the
et to 50). A random selection of particles can be regarded as being
epresentative for a system. In the same Fig. 8 (b), but in red colour,
e impose a condition on the Lorentz factor of the jet electrons and

elect from those ∼ 8000 jet electrons only the electrons that have 
> 12. Nevertheless, both kinds of spectra, in blue and in red, show

 peak frequency and a power-law slope at low frequencies, typical of
 non-thermal radiation. This is also the case for all spectra depicted
n Fig. 8 . We mention that for a jet with � = 100, we select this time
lectrons with γ > 80 from those ∼ 8000 jet electrons. 

In order to determine the slopes of all the spectra presented in
ig. 8 , we performed a fit to power laws to each individual line
red, orange, blue; solid, dashed) based on the non-linear least- 
quares Marquardt–Levenberg algorithm (Levenberg 1944 ; Mar- 
uardt 1963 ). The resulting slopes, which are the exponents of
he power laws, are summarized in Table 1 ; note that for e ± and
 

− − i + jets with � = 100, the head-on spectra have an increasing
nd decreasing le g. F or these cases, we have fitted both of them
ndividually and state them separately in Table 1 . In the low-
requenc y re gion of the spectra, we find that the power-la w se gment

( ω/ω pe ) α has a slope α ∼ 1 for most cases, exception being for
he e − − i + jets with � = 15 for two simulation set-ups (i) B 0 = 0 . 1
nd γ > 12 and (ii) B 0 = 0 . 5 and γ randomly selected from all
alues, where the slope has a lower value, but still larger than that
or the synchrotron radiation. The slopes for the e − − i + jets with
 = 15 and B 0 = 0 . 5 decreases from ∼ 1 to ∼ 0 . 8 when randomly

electing electrons with all sorts of values of their Lorentz factor 
or both head-on and 5 ◦-off emission. For jets with � = 100 and for
requencies abo v e the peak frequency, the spectra follows a power
aw ∼ ( ω/ω pe ) −β , where β ∼ 2 . 2. 

Our results indicate that the obtained spectra show jitter-like 
adiation, which, at low frequencies, has a steeper slope ( ∼ 0 . 94)
han the classical synchrotron radiation (1 / 3). As we expected, the
eak frequency and the intensity of radiation become higher in the 
ase of a jet with � = 100 (Figs 8 c and d) than in the case of a
et with � = 15 (Figs 8 a and b), for the same criteria on tracing jet
lectrons (red and orange lines). Ne vertheless, some dif ferences in 
he slopes of the spectra can be seen in Table 1 and the intensity of the
eak radiation increases by one order of magnitude as the strength 
f the amplitude of the initial toroidal magnetic field increases by 
 factor of 5 in the case of a � = 100 jet. Nevertheless, in future
ork, we will continue to investigate relativistic jets with stronger 
nitial magnetic fields and with larger jet radius and a non-top-hat jet
ensity profile, which will allow us to accommodate the real value
or the ion-to-electron mass ratio. This kind of simulation might 
xcite kinetic kink instability as seen in MHD simulations and jet
articles might be accelerated to higher energy than those of present
imulations. 

Our results show steeper spectra than those in the simulations 
erformed by Sironi & Spitko vsk y ( 2009 ), where the low-frequency
art of the spectrum scales as ω 

1 / 3 . The difference can arise from
he fact that Sironi & Spitko vsk y ( 2009 ) calculate the spectra from
articles accelerated in relativistic collisionless shocks triggered by 
eflecting an incoming cold upstream flow, where the magnetic 
elds are generated by the WI. Instead, in this work the spectra
re calculated for the electrons selected directly from simulations, 
hose initial energy distribution can differ. We have calculated the 

pectra self-consistently, as the magnetic fields and the accelerated 
articles, key ingredients for the radiation, are produced as part of the
lasma evolution. Therefore, our approach looks to be more natural. 

 DI SCUSSI ONS  A N D  C O N C L U S I O N S  

sing self-consistent 3D PIC calculations, we have obtained the 
rst synthetic spectra of jitter-like radiation emitted by electrons 

n relativistic jets containing an initial toroidal magnetic field. 
he jitter radiation co v ers the re gime where the magnetic field is

nhomogeneous on scales smaller than the Larmor radius and the 
ransverse deflections of the electrons in these fields are much smaller
han the relativistic beaming angle. The jitter radiation theory was 
ased on the small-scale nature of the magnetic fields generated by
he two-stream instability, where in the one-dimensional analytical 
pproach it was found that the low-frequency slope of the spectrum
ould be steeper than the one-third slope of synchrotron radiation 
Medvedev 2000 ). In our simulations, the jet particles are accelerated 
long and, to some degree, perpendicularly to the jet direction of
ropagation (see figs 10e and f in Meli et al. 2023 , for a � = 15 jet),
ut jet electrons propagate rather straight, which is also the case of
 � = 100 jet (see Figs 1 and 2 ), therefore the jet electrons radiate
itter-like radiation. Furthermore, the slope of the jitter radiation at 
ow frequencies is steeper ∼ 1 than the corresponding slope of the
lassical synchrotron radiation ∼ 1 / 3. 

We have injected a relativistic jet containing a toroidal magnetic 
eld into an ambient plasma at rest and calculate spectra for two
alues of the bulk Lorentz factor: � = 15 and � = 100. (We have
sed the PIC code in the work by Meli et al. 2023 and added
ubroutines for spectra calculation.) These values are typical for 
ets in AGNs and GRB objects, respectively. Furthermore, we set up
wo values for the amplitude of the initially applied toroidal magnetic
eld ( B 0 = 0 . 5 and B 0 = 0 . 1), in order to analyse the impact of the
trength of the initial magnetic field on the characteristics of the
alculated spectra. 

To estimate the characteristic length-scale of the turbulence, 
e have used the FFT to convert the amplitude of the B y wave

omponents of the magnetic field from the spatial domain to the wave
ector domain. We have found that the strongest mode corresponds 
o a wavelength of λ⊥ 

= (24 ± 1) � = (2 . 4 ± 0 . 1) λe , where the
lectron plasma skin depth is λe = 10 � , in our simulations. For
omparison, the jitter radiation is expected to emerge from relativistic 
articles travelling through small-scale turbulent magnetic fields that 
re coherent on the scale of an electron plasma skin depth, where
n the work by Medvedev ( 2000 ) the origin of the magnetic field
MNRAS 540, 1043–1054 (2025) 



1052 I. Du t ¸an et al. 

M

c  

i
 

s  

M  

o  

a  

d  

m  

j
 

l  

2  

2  

s  

(
 

t  

w  

t  

a  

s  

e  

f  

i
 

a  

e  

T  

a  

w  

o
 

p  

j  

q  

j  

w  

c
 

h  

s  

j  

r
 

w  

t  

F  

i  

1  

s
 

ω  

m  

w
 

v  

i  

o  

n  

2  

t  

(
 

t  

r  

f  

j  

�  

∼
1  

i  

(  

a  

W
f  

f  

t  

t
 

p  

c  

w  

b
1
c  

t  

c  

P  

e  

d  

l  

e  

t  

l  

S  

m  

t  

c
 

s  

m  

c  

(  

m  

a  

b  

f  

k
 

f  

e  

t  

i  

m  

d  

p  

a  

p  

i  

4  

w  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/540/1/1043/8142542 by guest on 19 June 2025
omes from a relativistic version of the well-known two-stream WI
n a plasma. 

We have calculated synthetic spectra directly from self-consistent
imulations in which growing kinetic instabilities (WI, kKHI, and

I) are developed simultaneously into a highly non-linear regime
f plasma for two types of particle species of the jet plasma (pair
nd electron-ion). The strength and structure of growing instabilities
epend on many factors, such as the amplitude of the initial toroidal
agnetic field, the bulk Lorentz factor of the jets, and the type of the

et plasma (see Figs 3 and 4 ). 
In recent years, several methods have been developed for calcu-

ating synthetic spectra using PIC simulations (e.g. Reville & Kirk
010 ; Kagan, Nakar & Piran 2016 ; Spisak et al. 2020 ; Zhang et al.
023 ). Nevertheless, the closest results with which our synthetic
pectra can be compared are in the papers by Sironi & Spitko vsk y
 2009 ) and, more recently, by Zhang et al. ( 2023 ). 

On the one hand, in the paper by Sironi & Spitko vsk y ( 2009 ), in
he 3D case, the low-frequency part of the spectrum scales as ω 

1 / 3 ,
hich can be attributed to synchrotron radiation. In 2D, they calculate

he spectra with artificially reduced intensity of the magnetic field
nd obtain a flatter slope as for a jitter-like radiation. Our results
how jitter-like spectra with a steep slope, ω 

0 . 94 , generated from jet
lectrons accelerated in a turbulent magnetic field, which resulted
rom growing instabilities (WI, kKHI, and MI), in the presence of an
nitial toroidal magnetic field, into the non-linear regime. 

On the other hand, Zhang et al. ( 2023 ) perform combined 2D PIC
nd polarized radiative transfer simulations to study synchrotron
mission from magnetic turbulence in the blazar emission region.
he calculated spectra are shown in the upper panel of Fig. 3 , where
 flatter slope can be observed when the turbulent magnetic field is
eaker. As their simulations are only 2D, this may be also a source
f important differences. 
To explore applications of our results, and to offer another

erspective at understanding the role of the physical conditions of
et plasma on the electron acceleration and emission processes, we
ualitatively compare our simulations to observations of relativistic
ets. PIC calculations are carried out in dimensionless grid units,
hich must be scaled (via scaling factors) into physical units (i.e.

gs) (e.g. MacDonald & Nishikawa 2021 ). 
To rescale the radiation spectra obtained from simulations, we

ave to take into account the effects induced by (i) simulation time-
cale (i.e. ω pe /ω 

sim 

pe ) and (ii) relativistic Doppler shift ( ∼ 2 �), as the
et mo v es with a bulk Lorentz factor � with respect to an observer at
est (Hededal 2005 ). 

Now, to rescale the time-scale of the simulations to the real space
e divide all frequencies with the plasma frequency calculated in

he simulation box, ω 

sim 

pe , and multiplying them with the real ω pe .
rom the simulation code, the electron plasma rest-frame frequency

s calculated as ω 

sim 

pe = 

√ 

q 2 e a dens /m e , where q e = −0 . 01, a dens =
2 . 0, and m e = 0 . 12. This means, ω 

sim 

pe = 0 . 1 � 

−1 
t , where � t is the

imulation unit time, which in our computations is set to unity. 
The electron plasma rest-frame frequency in the jet is (in cgs units)
 pe = (4 πe 2 n e /m e ) 1 / 2 = 5 . 64 × 10 4 ( n e / cm 

−3 ) 1 / 2 , where n e , e, and
 e denote the number density, charge, and mass of the electrons
ithin the plasma. 
Next, we scale the PIC value of the number density to a fiducial

alue, which is estimated from observations, n e = n obs 
e . Such a value

s not universal, being rather tailored to each jet in AGNs or GRB
bjects. Here, we consider the case of the M87 jet, where the electron
umber density of the jet is n M87 

e � 10 4 cm 

−3 (Kawashima et al.
022 ), since the synchrotron flux from the jet should be less than
NRAS 540, 1043–1054 (2025) 
he observed flux in M87 by Event Horizon Telescope observations
Event Horizon Telescope Collaboration 2019 ). 

Therefore, ω pe � 5 . 64 × 10 6 s −1 (in the rest-frame of the jet) and,
he frequency range of spectra is 5 . 64 × 10 7 –5 . 64 × 10 10 Hz for
elativistic jets with a similar jet density like M87 jet. Thus, the
requency axis of the spectra in Fig. 8 emitted by electrons in a
et (with n e ∼ n M87 

e ) that propagates with a bulk Lorentz factor of
 = 15 and � = 100 should be shifted to higher frequencies by
5 . 64 × 10 7 × 2 × 15 Hz � 1 . 7 × 10 9 Hz and ∼ 5 . 64 × 10 7 × 2 ×

00 Hz � 1 . 1 × 10 10 Hz, respectively. After shifting the frequencies
n Fig. 8 , the observed frequencies are already in the X-ray domain
 ∼ 10 16 –10 19 Hz). Furthermore, the value n M87 

e � 10 4 cm 

−3 is rather
n estimation of the electron number density at the base of the jet.
e expect to have a few order of magnitude lower values for n e 

ar from the black hole. In this case, the electron plasma rest-frame
requenc y, ω pe , can hav e lo wer v alues, thus the frequency range of
he emitted spectra in Fig. 8 and the observed spectra can be shifted
o higher frequencies than those calculated abo v e. 

To estimate the length-scale of the PIC jet, we use the ex-
ression for electron plasma rest-frame frequenc y abo v e, plus in-
luding the relativistic Lorentz factor of the jet �, in a similar
ay as in equations ( 1 )–(7) of MacDonald & Nishikawa ( 2021 ),
y taking n e = n M87 

e � 10 4 cm 

−3 . The length-scale, ∼ c/ [5 . 64 ×
0 4 � 

−1 / 2 ( n e / cm 

−3 ) 1 / 2 ], becomes ∼ 2 × 10 4 cm and ∼ 5 . 3 × 10 4 

m for � = 15 and � = 100, respectively. This scaling implies that
he jet length of our PIC simulations (i.e. 1285 cells in length)
orresponds to a physical size of a few hundreds of km. Such a
IC jet length is much less than the length of an AGN jet (Walg
t al. 2013 ), but similar to that of a jet in an X-ray binary, where the
erived bulk Lorentz factors of the jets, which are in most cases lower
imits, are found to be large, with a mean > 10, comparable to those
stimated for AGNs (Miller-Jones, Fender & Nakar 2006 ). Ho we ver,
hese estimates of the physical lengths of the PIC jet represent lower
imits, as we use for n e a value that is rather at the base of the jet.
ince far from the black hole, we expect to have a few order of
agnitude lo wer v alues for n e than 10 4 cm 

−3 , the physical size of
he PIC jet can increase at least two orders of magnitude if n e ∼ 1
m 

−3 , but larger grid simulations are needed. 
Although MHD (or MHD-PIC) simulations can provide a length-

cale of the jet similar to that of an AGN or GRB jet (as the MHD
ethod is scale-free), we cannot perform in this paper a direct

omparison of our results with those of current MHD simulations
e.g. Medina-Torrej ́on et al. 2021 ; Medina-Torrej ́on et al. 2023 ). A
ore detailed quantitative analysis, including the computation of the

cceleration rate and the properties of the reconnection layers driven
y the instabilities and turbulence, will be described in future work,
or an appropriate comparison. In this paper, we focus on rele v ant
inetic-scale physics within relativistic jet plasmas. 
In our simulations, we consider two types of plasma composition

or both the jet and the ambient medium: a pair plasma and an
lectron-ion plasma, where the mass ratio is m i /m e = 4. We select
his value for the ion-to-electron mass ratio because it results
n a significantly weaker growth of the MI compared to higher

ass ratios. (For more details on the selection m i /m e = 4, see the
iscussion in Meli et al. 2023 .) Although the real mass ratio for a
roton is m p /m e = 1836, we do not make a comparison between
 pair and a proton–electron plasma jet, from the observational
oint of view; instead, we are interested in discerning the trends
n the radiation spectra as we increase the mass ratio from 1 to
. Calculations of radiation spectra for a proton–electron plasma
ith a mass ratio that more closely reflects a realistic value will be
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ncluded in further work, where larger simulation grids are needed 
o accommodate the growth of MI. 

This is the first in a series of papers that aim to calculate synthetic
pectra from PIC simulations of relativistic plasma jets, where the 
ets are injected into a very large simulation grid, where no periodic
oundary conditions are applied in the direction of jet propagation. 
he present simulations are designed to trace electrons with a high 
orentz factor from a region located at the head of the jet, for a

elatively short time (due to the very high computational costs). 
ifferent selection criteria for tracing the electrons and the use of

he FFT analysis of turbulence for finding the strongest modes to 
ocalize the region from where to trace electrons will be addressed 
n the following papers. 

Further work should also exploit larger scale simulations, includ- 
ng cooling terms in the equation for the radiation power and an
mpro v ed initial set-up (e.g. Gaussian jet density profile instead of
he top-hat one, which is utilized in the work presented here, different
lasma composition for the jet and for the ambient, more realistic 
ass ratios for ions or stronger initial magnetic fields), just to account

or a more realistic description of the emission from relativistic jets.
arger simulation systems would also allow us to verify whether 

he magnetic field modified globally by kinetic instabilities (WI, 
KHI, and MI) in the presence of an initial toroidal magnetic field
an a v oid dissipation and surviv e be yond a few hundred electron skin
epths, and to unveil the occurrence of plasma shocks by the presence
f sharp variations in the magnetic field profiles. Thus, we should 
e able to calculate synthetic spectra in more specific and realistic 
et conditions based on observations. Certainly, large-scale MHD 

imulations with test particles can complement PIC simulations, but 
hey cannot address the kinetic effects as PIC simulations do. 
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